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Abstract

The modal p-calculus, introduced by Dexter Kozen, is an extension of modal logic with fixpoint
operators. Its axiomatization, Koz, was introduced at the same time and is an extension of the
minimal modal logic K with the so-called Park fixpoint induction principle. It took more than a
decade for the completeness of Koz to be proven, finally achieved by Igor Walukiewicz. However, his
proof is fairly involved.

In this article, we present an improved proof for the completeness of Koz which, although similar
to the original, is simpler and easier to understand.
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1 Introduction

The modal p-calculus originated with Scott and De Bakker [4] and was further developed by Dexter Kozen
[8] into the main version currently used. It is used to describe and verify properties of labeled transition
systems (Kripke models). Many modal and temporal logics can be encoded into the modal p-calculus,
including CTL* and its widely used fragments — the linear temporal logic LTL and the computational tree
logic CTL. The modal u-calculus also provides one of the strongest examples of the connections between
modal and temporal logics, automata theory and game theory (for example, see [6]). As such, the modal
u-calculus is a very active research area in both theoretical and practical computer science. We refer the
reader to Bradfield and Stirling’s tutorial article [3] for a thorough introduction to this formal system.
The difference between the modal p-calculus and modal logic is that the former has the least fizpoint
operator u and the greatest fixpoint operator v which represent the least and greatest fixpoint solution to
the equation «(z) = x, where a(x) is a monotonic function mapping some power set of possible worlds
into itselfl] In Kozen’s initial work [8], he proposed an axiomatization Koz, which was an extension of
the minimal modal logic K with a further axiom and inference rule — the so-called Park fixpoint induction
principle:
a(f) B
a(pz.o(z)) b pr.a(z) px.a(x) B

The system Koz is very simple and natural; nevertheless, Kozen himself could not prove completeness for
the full language, but only for the negations of formulas of a special kind called the aconjunctive formula.
Completeness for the full language turned out to be a knotty problem and remained open for more than
a decade. Finally, Walukiewicz [I5] solved this problem, but his proof is quite involved A

The aim of this article is to provide an improved proof that is easier to understand. First, we outline
Walukiewicz’s proof and explain its difficulties, and then present our improvement.

The completeness theorem considered here is sometimes called weak completeness and requires that
the validity follows the provability; that is:

(Prefix) (Ind)

(a) For any formula ¢, if ¢ is not satisfiable, then ~¢ is provable in Koz.

1 In the modal p-calculus, the term state is preferred to possible world since it originated in the area of verification of
computer systems. However, we do not use this terminology since it is reserved for state of automata in this article.
2 The difficulties of the proof have been pointed out, e.g., see [3} [} 2] [T4] [9]
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Here, ~ ¢ denotes the negation of ¢. Note that strong completeness cannot be applied to the modal
p-calculus since it lacks compactness. The first step of the proof is based on the results of Janin and
Walukiewicz [7], in which they introduced the class of formulas called automaton normal formE and
showed the following two theorems:

(b) For any formula ¢, we can construct an automaton normal form anf(yp) which is semantically
equivalent to .

(¢) For any automaton normal form @, if ¢ is not satisfiable, then ~ @ is provable in Koz; that is, Koz
is complete for the negations of the automaton normal form.

The above theorems lead to the following Claim (d) for proving:

(d) For any formula ¢, there exists a semantically equivalent automaton normal form @ such that ¢ — @
is provable in Koz.

Indeed, for any unsatisfiable formula ¢, Claim (d) tells us that ~@ —~ ¢ is provable; on the other hand,
from Theorem (c) we obtain that ~ @ is provable; therefore ~ ¢ is provable in Koz as required. Hence,
our target (a) is reduced to Claim (d).

Another important tool is the concept of a tableau, which is a tree structure that is labeled by some
subformulas of the primary formula ¢ and is related to the satisfiability problem for . Niwinski and
Walukiewicz [I1] introduced a game played by two adversaries on a tableau (called tableau games in this
article) and, by analyzing these games, showed that:

(e) For any unsatisfiable formula ¢, there exists a structure called the refutation for ¢ which is a
substructure of tableau.

Importantly, a refutation for ¢ is very similar to a proof diagram for ¢; roughly speaking, the difference
between them is that the former can have infinite branches while the latter can not. Walukiewicz shows
that if the refutation for ¢ satisfies a special thin condition, it can be transformed into a proof diagram
for . In other words,

f) For any unsatisfiable formula (2 such that there exists a thin refutation for @, ~ P is provable in
Koz.

Note that Claim (f) is a slight generalization of the completeness for the negations of the aconjunctive
formula in the sense that the refutation for an unsatisfiable aconjunctive formula is always thin, and
Claim (f) can be shown by the same method as Kozen’s original argument.

The proof is based on confirming Claim (d) by induction on the length of ¢, using (b) and (f). The
hardest step of induction is the case ¢ = px.a(z). Suppose ¢ = pz.o(z) and that we could assume, by
inductive hypothesis, a(x) — @(z) is provable in Koz where @(z) is an automaton normal form equivalent
to a(x). For the inductive step, we want to discover an automaton normal form ¢ equivalent to px.a(x)
such that uz.a(z) — @ is provable. Note that since a(x) — @(z) is provable, pr.a(x) — px.a(x) is also
provable. Furthermore, ux.a(z) and pz.a(z) are equivalent to each other. Set » := anf(uz.@(z)). Then,
it is sufficient to show that px.a(x) — @ is provable, and thus, from the induction rule (Ind), &(@) — @
is provable. To show this, Walukiewicz developed a new utility called tableau consequence, which is a
binary relation on the tableau and is characterized using game theoretical notations. The following two
facts were then shown:

(g) Let a(z) and ¢ be formulas denoted above. Then the tableau for ¢ is a consequence of the tableau
for a(p).

(h) For any automaton normal forms B (y) and 1}, if the tableau for 12 is a consequence of the tableau
for B(¢)), then we can construct a thin refutation for ~ (3(1) — ¢)[

3 In the original article [7], this class of formulas was called the disjunctive formula; however, the term automaton
normal form is the currently used terminology, to the author’s knowledge.

4 More precisely, this assertion must be stated more generally to be applicable in other cases of an inductive step, see
Lemma 6.8



The real difficulty appeared when proving Claim (g). To establish this claim, Walukiewicz introduced
complicated functions across some tableaux and analyzed the properties of these functions very carefully.
Finally, Claims (f), (g) and (h) together immediately establish that &(@) — @ is provable in Koz. Thus,
he obtained a proof for Claim (d), confirming completeness.

This article’s main contribution is the simplification of the proof of Claim (g). For this purpose, we will
introduce a new tableau-like structure called a wide tableau and provide a more suitable re-formulation of
the concept of tableau consequence to prove Claim (g). This re-formulation will be defined similarly to the
concept of bisimulation (instead of the game theoretical notations), which is one of the most fundamental
and standard notions in the model theory of modal and its extensional logics. Consequently, although our
proof of completeness does not include any innovative concepts, it is far more concise than the original
proof.

The author hopes that the method given in this article may assist investigation of the modal p-calculus
and related topics.

1.1 Outline of the article

The remainder of this article is organized as follows: in the following subsection [[.2] we will define some
terminologies used within the article. Section [2] gives basic definitions of the syntax and semantics of the
modal p-calculus. Section B and M introduce well known results concerning parity automata and parity
games, respectively. Section [ contains the principle part of this article — the proof of Claim (g). For
this proof, Claim (b) and the techniques used for proving (b) are fundamental. Therefore, we recount
the argument of Janin and Walukiewicz [7] in detail. In Section 6, we prove the completeness of Koz by
showing Claim (d).

1.2 Notation

Sets: Let X be an arbitrary set. The cardinality of X is denoted |X|. The power set of X is denoted
P(X). w denotes the set of natural numbers.

Sequences: A finite sequence over some set X is a function 7 : {1,...,n} — X where 1 < n. An infinite
sequence over X is a function 7 : w \ {0} — X. Here, a sequence can refer to either a finite or
infinite sequence. The length of a sequence 7 is denoted |r|. Let m be a sequence over X. The set
of € X which appears infinitely often in 7 is denoted Inf(7). We denote the n-th element in 7 by
7[n] and the fragment of 7 from the n-th element to the m-th element by w[n,m]. For example, if
7 = aabbcddd, then 7[5] = c and 72, 6] = abbcd. Note that when 7 is a finite non-empty sequence,
7[|7|] denotes the tail of 7.

Alphabets: Suppose that ¥ is a non-empty finite set. Then we may call ¥ an alphabet and its element
v € X a letter. We denote the set of finite sequences over ¥ by ¥*, the set of non-empty finite
sequences over ¥ by X1, and the set of infinite sequences over ¥ by X¢. As usual, we call an
element of ¥* a word, an element of ¥* an w-word, a set of finite words £ C ¥* a language and, a
set of w-words £’ C X% an w-language. The notion of the factor on words is defined as usual: for
two words u,v € ¥* U X, u is a factor of v if v = zuy for some x,y € ¥* U 3.

Graphs: In this article, the term graph refers to a directed graph. That is, a graph is a pair G = (V| E)
where V is an arbitrary set of vertices and FE is an arbitrary binary relation over V,ie., E CV x V.
A vertex wu is said to be an E-successor (or simply a successor) of a vertex v in G if (v,u) € E.
For any vertex v, we denote the set of all E-successors of v by F(v). The sequence m € V* U V¥
is called an E-sequence if w[n + 1] € E(w[n]) for any n < |r|. E* denotes the reflexive transitive
closure of E and E' denotes the transitive closure of E.

Trees: The term tree is used to mean a rooted direct tree. More precisely, a tree is a triple T = (T, C, r)
where T is a set of nodes, r € T is a root of the tree and, C' is a child relation, i.e., C C T x T such
that for any ¢ € T'\ {r}, there is exactly one C-sequence starting at r and ending at t. As usual, we
say that u is a child of ¢ (or ¢ is a parent of u) if (t,u) € C. Anodet € T is a leaf if C(t) =0. A
branch of T is either a finite C-sequence starting at r and ending at a leaf or an infinite C-sequence
starting at 7.



Unwinding: Let G = (V, E) be a graph. An unwinding of G on v € V is the tree structure UNW,(G) =
(T, C,r) where:
e T consists of all finite non-empty F-sequences that start at v,
o (m,7') € Cif and only if; |7| + 1 = |7’|, # = «'[1, |r|] and (x[|7|], 7'[|7’|]) € E, and
o r:=u0.
This concept can be extended naturally into a graph with some additional relations or functions.
For example, let S = (V, E, f) be a structure where G = (V, E) is a graph and f is a function with

domain V. Then we define UNW,,(S) := (UNW,(G), f’) as f'(x) := f(x][|x]]) for any 7 € V. Note
that we use the same symbol f instead of f' in UNW,(S) if there is no danger of confusion.

Functions: Let f be a function from some set X to some set Y. We define the new function f from
XTUXYtoYTUYY as:

—

f(m) o= f)f(#[2])- -
where 7 € X+ U X%, Tt is obvious that for any 7 € XU X*, we have || = | f(7)|.

2 The modal p-calculus

We will now introduce the syntax, semantics and axiomatization Koz of the modal p-calculus, and then
present some additional concepts and results for use in the following sections.

2.1 Syntax

Definition 2.1 (Formula). Let Prop = {p,q,r,x,y, z,...} be an infinite countable set of propositional
variables. Then the collection of the modal p-formulas is defined as follows:

@ = (T), (L), () [ (=p) [ (V@) [ (eA@) [ (Cp) | (Bp) | (nz-p) | (vap)

where p, 2 € Prop. Moreover, for formulas of the form (ox.p) with ¢ € {u,v}, we require that each
occurrence of x in ¢ is positive; that is, =« is not a subformula of ¢. Henceforth in this article, we will
use o to denote p or v. A formula of the form p or —p for p € Prop, T and L is called literal. We use the
term Lit to refer to the set of all literals, i.e., Lit := {p,—p, L, T | p € Prop}. We call p and v the least
fixpoint operator and the greatest fixpoint operator, respectively.

Remark 2.2. In Definition 2] we confined the formula to a negation normal form; that is, the negation
symbol may only be applied to propositional variables. However, this restriction can be inconvenient,
and so we extend the concept of the negation to an arbitrary formula ¢ (denoted by ~ ) inductively as
follows:

e ~Ti=1, ~Ll:=T.
e ~p:i=-p, ~-p:=p for p € Prop.

~(e V) = ((~) A (~1), ~(eAY) = ((~p) V(~1)).
o ~(Op) = (O(~¢)), ~([Op) = (O(~¢)).

o ~(prp(x)) = (ve.(~p(-x))), ~@rp(e)) = (pr(~p(-r))).

We introduce implication (¢ — ) as ((~¢) V1) and equivalence (¢ <> ¥) as ((¢ = ¥) A (Y — ¢)) as per
the usual notation. To minimize the use of parentheses, we assume the following precedence of operators
from highest to lowest: -, ~, &) O, oz, V, A, — and <. Moreover, we often abbreviate the outermost
parentheses. For example, we write Op — ¢ for ((Op) — ¢) but not for (CG(p — q)).

As fixpoint operators p and v can be viewed as quantifiers, we use the standard terminology and
notations for quantifiers. We denote the set of all propositional variables appearing free in ¢ by Free(y),
and those appearing bound by Bound(p). If ¢ is a subformula of ¢, we write ¢ < . We write ¢ < ¢
when 1 is a proper subformula. Sub(y) is the set of all subformulas of ¢ and Lit(¢) denotes the set of



all literals which are subformulas of ¢. Let ¢(x) and ¢ be two formulas. The substitution of all free
appearances of x with ¢ into ¢ is denoted p(z)[z /1] or sometimes simply (). As with predicate logic,
we prohibit substitution when a new binding relation will occur by that substitution.

The following two definitions regarding formulas will be used frequently in the remainder of the article.

Definition 2.3 (Well-named formula). The set of well-named formulas WNF is defined inductively
as follows:

1. Lit € WNF.
2. Let o, B € WNF where Bound(a)NFree(3) = 0 and Free(a)NBound(8) = (. Then aVj3, aAS € WNF.
3. Let « € WNF. Then ¢a,Ua € WNF.

4. Let a(x) € WNF where 2 € Free(a(z)) occurs only positively, moreover, x is in the scope of some
modal operators. Then ozy....0x,.ax1,...,2,) € WNF where a(z) = a(z1, ..., 2r) 21/, . .., 25 /],
x ¢ Sub(a(zy,...,x5)) and x1, ...,z ¢ Sub(a(x)).

The formula ox;....0zg.a(x1,...,x;) which is mentioned above clause 4 is sometimes abbreviated
oZ.a(Z). If ¢ is well-named and z is bounded in ¢, then there is exactly one subformula which binds z;
this formula is denoted o, 2.¢,(2).

Definition 2.4 (Alternation depth). Given a formula ¢,

1. Let <7 be a binary relation on Bound(y) such that z <7 y if and only if z € Free(¢,(y)). The
dependency order =, is defined as the transitive closure of <.

2. A sequence (w1, T2, ...,TK) € Bound(p)™ is said to be an alternating chain if:

T1 2, T2 2,

tp"'jtp TK

and 0,, # 0g,,, for every k € w such that 1 <k < K — 1. The alternation depth of ¢ (denoted
alt(y)) is the maximal length of alternating chains in . That is, the alternation depth of ¢ is the
maximal number of alternations between p- and v-operators in .

Example 2.5. For a formula ¢ = pz.vy.(Oz V (pz.(¢2 AQy))), we have alt(p) = 3 since v <7 y <7 2
with o, # 0, and o, # 0.. Note that although = ¢ Free(y.(2)), we have x <, 2.

2.2 Semantics

Definition 2.6 (Kripke model). A Kripke model for the modal u-calculus is a structure S = (S, R, \)
such that:

o S ={s,t,u,...} is a non-empty set of possible worlds.
e R is a binary relation over S called the accessibility relation.
e \: Prop — P(S) is a valuation.

Definition 2.7 (Denotation). Let S = (S, R, A) be a Kripke model and let 2 be a propositional variable.
Then for any set of possible worlds T' € P(.S), we can define a new valuation A[z — T] on S as follows:

Alz = T(p) == { A(p) otherwise.

Moreover, S[x — T] denotes the Kripke model (S, R, A[z — T]). A denotation [¢]s € P(S) of a formula
@ on S is defined inductively on the structure of ¢ as follows:

o [L]s:=0and [T]s:=S.
e [p]s := A(p) and [-p]s := S\ A(p) for any p € Prop.
o [pVils = lels U¢]s and [o Adls = [¢]s N [¢]s.



[Cols:={s| Tt e S (s,t) e RNEE [¥]s}

[Beols :={s|Vte S (s,t) € R=1 € [¢]s}
[nr.e(@)]s = T € P(S) | [¢(@)]sorsr) € T}
[va.p()]s == U{T € P(S) | T € [e(@)]szmm) }-

In accordance with the usual terminology, we say that a formula ¢ is true or satisfied at a possible world
s € S (denoted S,s = ) if s € [p]s. A formula ¢ is valid (denoted = ) if ¢ is true at every world in
any model.

Example 2.8. Let S = (S, R, \) be a Kripke model. A formula ¢(z) such that z € Free(p(z)) can be
naturally seen as the following function:

P(S) ——P(9)
S S
T ———[0(@)] sz

This function is monotone if z is positive in ¢(z). Thus, by the Knaster-Tarski Theorem [13], [uz.¢(z)]s
and [vz.¢(z)]s are the least and greatest fixpoint of the function (), respectively.

Under this characterization of fixpoint operators, we find that many interesting properties of the
Kripke model can be represented by modal p-formulas. For example, consider the formula ¢ = px.(CxV
p). For every Kripke model S and its possible world s, we have S,s | ¢ if and only if there is some
possible world reachable from s in which p is true. Consider the formula p2 = vy.uz.((CyAp)V(CzA—p)).
Then S, s = o if and only if there is some path from s on which p is true infinitely often.

2.3 Axiomatization

We give the Kozen’s axiomatization Koz for the modal u-calculus in the Tait-style caleulusf Hereafter,
we will write I'; A, ... for a finite set of formulas. Moreover, the standard abbreviation in the Tait-style
calculus are used. That is, we write o, T for {a} UT; ', A for T UA; and ~A for {~d | § € A} and so
forth.

Koz contains basic tautologies of classical propositional calculus and the pre-fizpoint ax-
ioms:

—— (Bot)

TF orpr (12U)

alpx.a(z)), ~pr.alx) B (Prefix)

| Inference Rules | In addition to the classical inference rules from propositional modal logic, for any
formula ¢(x) such that x appears only positively, we have the induction rule (Ind) to handle fixpoints:

a, ' B, I'F a,B8,TF
aviTr M oA W

- Y, {a|Oael'}
aTF (Weak) oprr ()
I~ak a,AF o), ~y
rAar Y @ ~er Y

Of course, the condition of substitution is satisfied in the (Ind)-rule; namely, no new binding relation
occurs by applying the substitution ¢(¢). As usual, we say that a formula ~ AT is provable in Koz
(denoted T' F) if there exists a proof diagram of I'. We frequently use notation such as I' F A to mean
I~AF.

The following two lemmas state some basic properties of Koz. We leave the proofs of these statement
as an exercise to the reader.

Lemma 2.9. Let ¢ be a modal p-formula and let a(x) and B(x,x) be modal u-formulas where x appears
only positively. Then, the following holds:

5 In Kozen’s original article [8], the system Koz was defined as the axiomatization of the equational theory. Nevertheless
we present Koz as an equivalent Tait-style calculus due to the calculus’ affinity with the tableaux discussed in the sequel.



1. Fozx.a(z) < oy.ay) where y ¢ Free(a(x)).

(

Fox.B(x,x) > ox.0y.f(x,y) where y ¢ Free(f(x,x)).

Fpx.a(x (L), if no appearances of x are in the scope of any modal operators.
(

) &«
Frz.a(z) < oT), if no appearances of x are in the scope of any modal operators.

SR

We can construct a well-named formula wnf(p) € WNF such that - ¢ <> wnf(p).

Lemma 2.10. Let o, 3, p(x), ¥(x), x1(x) and x2(z) be modal pi-formulas where x appears only positively
in o(x) and ¥(x). Further, suppose that x1(a), x1(8) and x2(a) are legal substitution; namely, a new
binding relation does not occur by such substitutions. Then, the following holds:

1. IfF o(x) = () then F ox.p(x) = ox.ap(x).
2. If b a+ B then b x1(a) < x1(8).
3. IfE x1(x) ¢ xa2(x) then F x1(a) ¢ x2(a).

Remark 2.11 (Substitution). Let ¢(z) and ¢ be formulas where ¢(z) = ¢(x1,...,x)[x1/2, .. ., 21 /2]
and x ¢ Free(p(z1,...,2k)); ie., ¢(x1,...,2%) is a formula obtained by renaming all instances of = in
©(x). Let ¢'(x) be the formula obtained by renaming bound variables in ¢(z) and let ¢; with 1 <i <k
be formulas obtained by renaming bound variables in 1 so that;

Bound(¢'(z)) N Free(¢'(z)) = 0 (1)

Bound(¢'(z)) NFree(y;) =0 (1 <Vi<k) (2)
Free(¢'(z)) NBound(y;) =0 (1 <Vi<k) (3)
Bound(#;) N Free(y;) =0 (1 <Vi,Vj <k) (4)
Bound(¢;) N Bound(v;) =0 (1 <Vi,Vj <k, i#j) (5)

Then the formula ¢'(v1,...,%) is termed well-named. Moreover, from Lemmas [2.9] and 210, we can
assume that ¢’ (11, ..., 1) is syntactically (and thus semantically) equivalent to ¢(¢)). Hereafter, we will
assume that (1) is an abbreviation for ¢'(¢1,...,1y); this abbreviation is harmless as far as provability
and satisfiability are concerned. Furthermore, we can write p(¢) even if a new binding relation occurs
by the substitution; in this case, we will regard it as merely an abbreviation for ¢'(¢1, ..., ¥k).

3 Automata

The purpose of this section is to define the parity automata and introduce a classical result concerning
the complement of an w-language characterized by some parity automaton, namely, the Complementation
Lemma.

A parity automaton is a quintuple A = (@, %, 4, g1, ) where:

e () is a finite set of states of the automaton,

e X is an alphabet,

e ¢; € @ is a state called the initial state,

e 0:Q xX — P(Q) is a transition function, and
e ):(Q — wis called the priority function.

Using the usual definitions, we say that A is deterministic if |0(q,a)| = 1 for every ¢ € @ and a € X.
Let A=(Q,%,0,qr,Q) be a parity automaton. A run of A on an w-word 7 € X¢ is an infinite sequence
& € Q¥ of a state where £[1] = g7 and {[n+1] € §(¢[n], w[n]) for any n > 1. An w-word m € 3¢ is accepted
by A if there is a run £ of A on 7 satisfying the following condition:

max Inf(((¢)) =0 (mod 2).



The w-language of all w-words accepted by A is denoted by L(A).

Let A = (Q,%,0,q1,Q) be a parity automaton and = € £*. If A is deterministic, then the state of
A by reading 7 is uniquely determined. We denote this state d(gr, 7); in other words, d(qr, 7) is defined
inductively on the length of m by

a (j7/ =0
6((11,7(') = { 5(5((1]77.([17”])77-([”4,1]) (|7r| :7’I,+1)

-

Moreover, for any = € ¥* U X, we denote the run of A on a by d(qr, 7), that is,

8(qr,m) :== qrd(qr, m[1,1])0(qr, w[1,2])0(qz, w[1,3]) - - - € Q" U Q*.

The following lemma shows that the complement of the w-language characterized by a parity au-
tomaton is also characterized by some parity automaton. The proof of this lemma can be found in the
literature, for example, see [6].

Lemma 3.1 (Complementation Lemma). For any parity automaton A = (Q,%,0,qr,2), we can

construct a deterministic parity automaton A such that L(A) = $%\ L(A) with 20(Q1081Q1) states and
priorities bounded by O(|Q|?).

4 Games

It is well known that Parity games and Fvaluation games are important tools in the modal p-calculus.
They will also play a crucial role in this article. This section introduces these games.

4.1 Parity games

A parity game G is defined in terms of an arena A and a priority function Q. An arena is a (possibly
infinite) directed graph A = (Vy, Vi, E), where VyNV; = () and the edge relation is £ C (VoUV;) x (VoUVL).
We call each element of V' := Vj UV} a game position of the arena. The priority function is Q : V — w
where Q(V) is a finite set.

A play in arena A can be finite or infinite. In the former case, the play is an F-sequence m = vy - - - v,, €
VT such that F(v,) = (. In the later case, the play is simply an infinite E-sequence. Thus, a finite or
infinite play in a game can be seen as the trace of a token moved on the arena by two players, Player
0 and Player 1, in such a way that if the token is in position v € Vs (6 € {0,1}), then Player § has to
choose a successor of v to which to move the token. A play 7 is winning for Player 0 if:

e If 7 is finite, then the last position «[|7|] of the play is in V4.

—

e If 7 is infinite, then maxinf(2(7)) =0 (mod 2).
A play is winning for Player 1 if it is not winning for Player 0.

Example 4.1. Let G = ((Vp, V4, E),Q) be the parity game presented in Figure [l We have the 0-
vertices Vo = {v1,vs5} (circles) and the 1-vertices Vi = {wva,v3,v4} (squares). The edge relation E
and priority function 2 may be derived from the figure, e.g., Q(v;) = 2 and Q(vz) = 3. A possible

V1,2 ) ———= 12,3
v, 1 vg,3 }—>

Figure 1: An example of a parity game.

infinite play in this game is, for example, m = v1v2(vsv1)¥. This play is winning for Player 0 because

—

Qvyva(vsv1)?) = (2,3,1,2,1,2,...) and:

max inf(Q(r)) = maxinf((2,3,1,2,1,2,...)) = max{1,2} =2=0 (mod 2).



A finite E-sequence m = v1v2v405 is also a possible play since vs is a dead-end. This play is winning for
Player 1 because the last position vs is in V.

Let A be an arena. A strategy for Player § with 6 € {0, 1} is a partial function f5 : V*Vs — V such that
for any m € V*Vy, if E(rn[|w|]) # 0 then fs(m) is defined and satisfies fs(m) € E(x[|n|]). A play 7 is said
to be consistent with fs if for every n € w such that 1 <n < |«|, w[n] € Vs implies f,(w[1,n]) = w[n + 1].
The strategy fs is said to be a winning strategy for Player ¢ if every play consistent with f5 is winning
for Player 6. A position v € V is winning for Player ¢ if there is a strategy fs such that every play
consistent with fs which starts in v is winning for Player . A winning strategy fs is called memoryless
if for all finite E-sequences 7 and 7/, fs(7) = f5(n") whenever r[|xw|] = #’[|7’|]. For parity games, we have
a memoryless determinacy result.

Theorem 4.2 (Mostowski [10], Emerson and Jutla [5]). For any parity game, one of the Players
has a memoryless winning strategy from each game position.

Considering this theorem, we will assume that all winning strategies are memoryless. In other words,
a winning strategy in a parity game for Player 0 is a function fy : Vg — V, and is denoted analogously
for Player 1.

4.2 Evaluation games

Given a well-named formula ¢, a Kripke model S = (S, R, \) and its world sg, we define the evaluation
game EG(S, s0, @) as a parity game with Player 0 and 1 moving a token to positions of the form (1, s) €
Sub(yp) x S. Intuitively, Player 0 asserts that ”the formula ¢ is true at the possible world s¢” and Player
1 asserts the opposite.

The initial game position is (¢, so). Table [I] displays the rules of the game, that is, admissible moves
from a given position, and the player supposed to make this move. In order to define the priority function

ox.a, 8)
x, s) with z € Bound(yp)

»

| Position | Player | Admissible moves |
(L,s) 0 0
(T,s) 1 0
(p, s> with p € Free(¢) and s € A(p) 1 [
(p, s) with p € Free(¢) and s ¢ A(p) 0 0
(=p, s) with p € Free(y) and s ¢ \(p) 1 0
<ﬁp, s) with p € Free(y) and s € A(p) 0 0
@/ ps) R ETORE);
(VB s) 0 | {{es),(B,)}
(Oa, s) 1 {{a,t) | (s,t) € R}
(Cay 8) 0 {{a,t) | (s,t) € R}
< 0 o)
( 0 ]{(

S
8
—
8
=
)
~
—

Table 1: Admissible move of £G(S, so, ¢)

Qe : V — w, we define the function Q, : Sub(p) — w as follows:

alt(oz.z(x)) — 1 if ¥ = @u(x), 0, = p and alt(oz.0(2)) =0 (mod 2),
alt(os.pz(x)) if = @u(x), 0, = p and alt(oz.0(2)) =1 (mod 2),

Qu() =< alt(oz.px(x)) =1 if Y = (), 0, = v and alt(0,.0.(x)) =1 (mod 2), (6)
alt(o,.0x(x)) if = @u(x), 0 = v and alt(og.0x(x)) =0 (mod 2),

0 otherwise.

Then we define Q.((, s)) := Q,(¢) for each game position (¢, s).
The following theorem was proved by Streett and Emerson [12].

Theorem 4.3 (Streett and Emerson [12]). For any well-named formula ¢, Kripke model S and its
world s, we have S, s |= ¢ if and only if Player 0 has a (memoryless) winning strategy for EG(S, s, ¢).



5 Tableaux

In this section, we introduce the concept of a tableau and investigate some of its characteristic properties.
The main result of this section is Corollary [5.27] in which we prove Claim (g) as foreshadowed in Section
[l This section is divided into the following three subsections.

In Subsection [B.I] we introduce the tableau and tableau games, which originated in Niwinski and
Walukiewicz [I1], with some modifications for our concept.

In Subsection 5.2 the autornaton normal form is introduced and Claim (b) is shown; namely, for any
formula ¢ we can construct an equivalent automaton normal form anf(y). Although this result is not
new, we will see the proof of it in detail since our argument relies on both the result and the process for
proving (b).

In Subsection B3] we introduce the novel concept of a wide tableau, which is a generalization of
tableaux and prove Claim (g) using this new resource.

5.1 Tableau games

Definition 5.1 (Cover modality). Let ® be a finite set of formulas. Then V® denotes an abbreviation

of the following formula:
(A\oo)r @V ).

Here, ©® denotes the set {Cp | ¢ € @}, and as always, we use the convention that \/ @ := L and
A0 :=T. The symbol V is called the cover modality.

Remark 5.2. Note that the both the ordinary diamond <& and the ordinary box [J can be expressed in
term of cover modality and the disjunction:

Cp=V{p, T},
Op =v0V v{p}.

Therefore, without loss of generality we restrict ourselves to using only V instead of & and 0. Hereafter,
we exclusively use cover modality notation instead of ordinal modal notation; thus if not otherwise
mentioned, all formulas are assumed to be using this new constructor. Moreover, the concepts from
SectionPlsuch as the well-named formula and the alternation depth extend to formulas using this modality.

Definition 5.3. Let I' be a set of formulas. We will say that I' is locally consistent if I' does not contain
L nor any propositional variable p and its negation —p simultaneously. On the other hand, I is said to
be modal (under @) if T does not contain formulas of the forms a V 8, a A B, ox.a(z), or x € Bound(yp).
In other words, if T is modal, then I" can possess only the elements of Lit(¢) and formulas of the form
vo.

Definition 5.4 (Tableau). Let ¢ be a well-named formula. A set of tableau rules for ¢ is defined as
follows:

Q,F | /B,F a’ﬁﬂr
aVvp,T (v) aANp,T (n)
oxx.py(x), T (o) z, T (Reg)

{e} U{V ¥, | n € Ny, } | For every k € w with 1 <k <4 and ¢, € Uy,
VO, VU

(V)

where in the (V)-rule, l1,...,l; € Lit(p) and Ny, :={n € w |1 <n <i, n# k}. Therefore, the premises
of a (V)-rule is equal to > cpc; |Vl

A tableau for ¢ is a structure T, = (T, C,r,L) where (T,C,r) is a tree structure and L : T —
P(Sub(p)) is a label function satisfying the following clauses:

1. L(r) = {¢}.

2. Let t € T. If L(t) is modal and inconsistent then ¢ has no child. Otherwise, if ¢ is labeled by a set
of formulas which fulfills the form of the conclusion of some tableau rules, then ¢ has children which
are labeled by the sets of formulas of premises of one of those tableau rules, e.g., if L(t) = {aV 8},
then ¢ must have two children v and v with L(u) = {«a} and L(v) = {5}.
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3. The rule (V) can be applied in ¢ only if L(¢) is modal; in other words, (V) is applicable when no
other rule is applicable.

We call a node t a (V)-node if the rule (V) is applied between ¢ and its children. The notions of (V)-node,
(A)-node, (o)-node and (Reg)-node are defined similarly.

Definition 5.5 (Modal and choice nodes). Leaves and (V)-nodes are called modal nodes. The root of
the tableau and children of modal nodes are called choice nodes. We say that a modal node ¢ and choice
node u are near to each other if ¢ is a descendant of u and between the C-sequence from u to ¢, there
is no node in which the rule (V) is applied. Similarly, we say that a modal node ¢’ is a next modal node
of a modal node ¢ if ¢’ is a descendant of ¢ and between the C-sequence from ¢t to t’, rule (V) is applied
exactly once between ¢ and its child. Note that, in some cases, a choice node may be also a modal node.

Definition 5.6 (Trace). Let ¢ be a well-named formula and 7, = (T, C,r, L) be a tableau for ¢. For
each node t € T and its child u € C(¢), we define the trace function TRy, : L(t) — P(L(u)) as follows:

o If t is a (V)-node where the rule applied between ¢ and its children forms

a,T | B, T
aVp,T (v)

then we set TRy, (7) := {7} for every v € I'. Further, we set TRy, (aV3) := {a} when L(u) = {a}UT
and set TRy, (o V B) := {B} when L(u) = {f} UT.

o If t is a (A)-node where the rule applied between ¢ and its child forms

Oé,/B,F
aANp,T (n)

then we set TRy, (7) := {7} for every v € T, and set TRy, (a A ) := {«, 5}.

e If ¢ is a (0)-node where the rule applied between t and its child forms

Pa(z),T
= (0)
oxx.pz(x), T
then we set TRy, () := {7} for every v € T, and set TRy, (0,2.90.(x)) = {wa()}.

e If ¢ is a (Reg)-node where the rule applied between ¢ and its child forms

2L (R

then we set TRy, (7) := {7} for every v € T, and set TRy, () := {@a(x)}.

e If ¢ is a (V)-node where the rule applied between ¢ and its children forms

(U} ULV Vs [ n€ Ny} | 1<k <i, ¢y € ¥y
VO, VUG

(V)

Moreover, suppose v is labeled by {¢x} U{\V ¥, | n € Ny, } for some k < ¢ and ¢ € ¥;. Then
we set TRy, (VW) := {¢r}, TRw(V¥,) :={\V U, } for every n € Ny, , and TRy, (l,) := 0 for every
n<j.

Take a finite or infinite C-sequence m of T,. A trace tr on 7 is a finite or infinite sequence of Sub(¢y)
satisfying the following two conditions;

o tr[l] = .

e For any n € w\ {0}, if tr[n] is defined and satisfies TRy (,)r(ns1)(tr[n]) # 0, then tr[n 4 1] is also
defined and satisfies tr[n + 1] € TRy p)xpn1) (tr[n]).
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Note that, from the definition, for any n € w such that 1 < n < [tr|, we have tr[n] € L(w[n]). The infinite
trace tr is said to be even if
maxlnf(ﬁw(tr)) =0 (mod 2).

Furthermore, an infinite branch « is even if every trace on it is even. The set of all traces on 7 is denoted
by TR(w). TR(w[n,m]) denotes the set {tr[n,m] | tr € TR(7)} and may also be written TR(7w[n], 7[m]).
For any two factors tr[n, m] and tr'[n/, m'], we say tr[n, m] and tr'[n’, m’] are equivalent (denoted tr[n, m] =
tr'[n’, m’]) if, by ignoring invariant portions of the traces, they can be seen as the same sequence. For
example, let;

trn,n+3] = ((@aAB)Vy, (aAB)Vy, aAB,  B)
', n" +4] = ((@Ap) V7, anp, aNB, ahB, B

then tr[n,n + 3] and tr'[n/,n’ + 4] are equivalent to each other. Let X and Y be the set of some factors
of some traces. Then we write X € Y if for any tr[n,m] € X there exists tr'[n’,m’] € Y such that
trln,m] = tr'[n/,m’]; and write X =Y if X €Y and X 5 Y.

Let ¢ be a formula. Since P(Sub(y)) is a finite set, it can be seen as an alphabet. The next lemma
shows that there is an automaton A, which precisely detects the evenness of a branch of the tableau.

Lemma 5.7. Let ¢ be a well-named formula and T, = (T,C,r, L) be a tableau for ¢. Set M = |Sub(y)|.
Then we can construct a deterministic parity automaton

ASD = (Qv ,P(SUb(SO))v 55 qr, Q)

with |Q| € 20(M?1og M*) g g priorities bounded by O(M?) such that for any infinite branch m, A, accepts
L(w) € P(Sub(p))* if and only if 7 is even.

Proof. First, we construct a non-deterministic parity automaton

Btp = (Q/a ,P(SUb(W))v 5/7 q/Iv Q/)

which only accepts sequences of labels of 7 that are not even. Set Q' := Sub(y) W {q}}, then B, has
(M + 1) states. We define the transition function &’ so that §'(q7, {p}) := {¢} and § (¢, n[n + 1]) :=
TRy njx[n+1](¥) for any n > 1. The priority is defined as '(¢}) := 0 and Q'(¢) := Q,(¢0) + 1 for every
¥ € Sub(y).

Now, B, is defined in such a way that a run of the automaton on E(ﬁ) forms one trace on 7 and
the automaton accepts only odd traces. By applying the Complementation Lemma [3.I], we obtain the
required automaton. O

Now, we define the tableau games introduced by Niwinski and Walukiewicz [I1]. To distinguish players
of this game from players of the evaluation games defined in subsection [£.2] we assume that players of a
tableau game have other popular names; say Player 2 and Player 3. Intuitively, Player 2 asserts that "¢
is satisfiable” and Player 3 asserts the opposite. This is justified by Lemmas and

Definition 5.8 (Tableau game). Let ¢ be a well-named formula, 7, = (T, C,r, L) be a tableau for ¢,
and A, = (Q,P(Sub()), 9, qr, Q) be an automaton given by Lemma[.7 A tableau game for ¢ (denoted
TG(p)) is a parity game played by Player 2 and Player 3 defined as follows:

Positions Let M C T be the set of all modal nodes which are consistent. The positions of Player 2 are
given by Vo := (T'\ M) and the positions of Player 3 are given by V3 := M; therefore the set of
game positions is T'. The starting position of this game is the root 7.

Admissible moves In a position t € V5, Player 2 chooses the next position from C(¢). Note that when
t is modal and locally inconsistent, Player 2 loses the game immediately since C(t) = @) and so she
has no choice from ¢. In a position ¢ € V3, Player 3 chooses the next position from C(t¢). Note that
when L(t) does not contain a formula of the form V¥, Player 3 loses the game immediately since
C(t) = 0 and so he has no choice from ¢.

Priority For any tableau node t € T', we define the automaton states of t by stat(t) := &(qr, L(r)) where
7 is the C-sequence starting at r and ending at ¢. Then, the priority of t € T is Q(stat(t)).
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Lemma 5.9. Let ¢ be a well-named formula. If ¢ is satisfiable, then Player 2 has a winning strategy in
the tableau game TG(p).

Proof. Let S = (S, R, \) be a model and sy € S be a possible world such that S, so = ¢. From Theorem
3] we can assume that there exists a memoryless winning strategy fo for Player 0 in evaluation game
EG(S, s0, ). Now, we will construct a winning strategy for Player 2 in TG () inductively; in the process
of the defining the strategy, we will also define the marking function mark : T'— S simultaneously such
that

(1): If the current game position is in ¢t € T and mark(t) = s, then for any v € L(t), Player 0
can win at the position (v, s) by using the strategy fo.

Initially, we define mark(r) := sp. This marking indeed satisfies (f). The remaining strategy and marking
are divided into the following three cases:

e Suppose that the current position ¢ is a (V)-node where ¢ and its children are labeled

o' | BT
— T V)
aVvp,T
Then Player 2 must choose the next game position from these two children, say u and v which
are labeled by {a} UT and {8} UT, respectively. By our induction assumption, we can assume

that there exists a marking mark(t) = s which satisfies (1). Then Player 2 chooses w if and only if
folaV B, s) = {a, s). Player 2 also defines the new marking as mark(u) := mark(¢).

e Suppose the current position ¢ is a (V)-node where ¢ and its children are labeled

{r} U{V Wn [n € Ny} | 1<k <id, ¢y € Wy
V\Pl,...,V\Ili,ll,...,lj

(V)

Moreover, suppose that Player 3 chooses v € C(t) which is labeled by {¢x}U{\/ ¥, | n € Ny, }. By
our induction assumption, there is a marking mark(t) = s such that for any m € w with 1 < m <1,
(VU,,, s) is a winning position for Player 0 by using fo. Since (VW¥y,s) is winning for Player 0,
the position (Ot s) is also winning for Player 0 (because V¥ = (A OUy) A (OV Pi), and since
((AOTL) A (OV ¥y),s) is winning for Player 0 and Player 1 can choose the position (O, s)
from this position, (O, s) must be winning for Player 0). Take the possible world s’ such that
fo(Og,s) = (Yr,s’). Note that for any n € Ny, , since (VU,,s) is winning for Player 0, the
position (O\/ ¥,,, s) is also winning, and thus, (\/ ¥,,, s’} is winning for Player 0. Finally, Player 2
creates a new marking as mark(u) := s’, and this marking satisfies () as discussed above.

e In another position ¢, Player 2 has at most one choice and so the strategy is determined automati-
cally. Player 2 sets the new marking as mark(u) := mark(t) for u € C(t).

Every marking and game position consistent with this strategy satisfies (). In fact, it can be easily
checked that our strategy satisfies the following stronger assertion;

(1): Let m be a finite or infinite play of TG(p) consistent with our strategy, and let & :=
mark(r) € ST U S¥ be the corresponding sequence of possible worlds. Then, for any trace tr
on T,

(tr(1], €[] {er(2], £[2])(tr[3], £[3]) - - -
is a play of £G(S, so, ¢) which is consistent with fj.

From (1), we can confirm that the above strategy is winning. Take an arbitrary play 7 of TG () consistent
with the strategy. Suppose 7 is a finite branch. In this case, for any I € L(x[|r|]) N Lit(y), by (1), we
can assume that S, s =1 and thus L(r[|7|]) must be consistent. This means that the final position 7[|r|]
belongs to V3 and, thus, Player 2 wins in this play. Suppose 7 is an infinite branch. In this case, by (1),
we can assume that every trace tr on 7 is even and, thus, 7 is also even so Player 2 wins in this play.
Hence, our strategy is a winning strategy for Player 2. O

Lemma 5.10. Let ¢ be a well-named formula. If Player 2 has a winning strategy in the tableau game
TG(p), then ¢ is satisfiable.
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Proof. Let T, = (T,C,r,L) be a tableau for ¢, and let fo be a winning strategy for Player 2 in the
tableau game TG (yp). Consider the tree with label 7| f2 = (T%,,Cy,,7, Ly,) which is obtained from 7,
by removing all nodes of 7, except those used by fo. Here, Cy, and Ly, are appropriate restrictions of
C and L, respectively. We call the structure 7,|f2 a winning tree for Player 2 derived by fo. We also
define a Kripke model § = (S, R, A) as follows:

Possible worlds: S consists of all modal positions belonging to T, .

Accessibility relation: For any s,s’ € S(C TY,), we have (s,s’) € R if and only if ' is a next modal
node of s.

Valuation: For any p € Prop and s € S, we have s € A(p) if and only if —p ¢ L(s).

Note that for any t € TY,, there exists exactly one modal node s € S which is near ¢, and so we can
denote such an s by mark(¢). From now on, we construct a winning strategy for Player 0 of the evaluation
game £G(S, mark(r), ¢). If we accomplish this task, then the Lemma follows since, from Theorem [£3]
we have S, mark(r) | ¢. Note that the strategy we will construct below is not necessarily memoryless.

First, Player 0 brings on a token and stores (o, r) in that token. Subsequently, some element (1), t) €
Sub(p) x T}, is stored in the token at any time. Player 0 will replace the content in the token according
to the current game position of £G(S, mark(r), ). It is always the case that:

(): If (4, t) is in the token, then one of the following four conditions is satisfied:

(C1) Current game position is (1, mark(t)) with ¢ € L(t).
(C2) Current game position is (A CA’, mark(t)) with ¢» = VA € L(t) and A’ C A.
(C3) Current game position is ((O\/ A, mark(t)) with ) = VA € L(t).

(C4) Current game position is (\/ A’, mark(t)) with VA € L(u), A’ C A and ¢ € A’ where
mark(t) is a next modal node of a modal node u € S.

The strategy satisfying Condition (}) is straightforward. Suppose (1,t) is in the token and satisfies
Condition (), and (C1). If ¢y = a V §, then Player 0 proceeds accordingly on the C},-path from ¢ to
a (V)-node u where o V § is reduced to « or 3 between u and v € Cf,(u). Then, Player 0 chooses
(o, mark(v))(= (o, mark(t))) as the next position if and only if &V 3 is reduced to a between u and v and,
further, replaces the content in the token by {a, v) or {3, v) according to her choice of position. If ) = aAS,
then Player 1 chooses the next position from (o, mark(t)) or (3, mark(t)). Player 0 proceeds according on
Cy,-path from ¢ to a (A)-node u where aeA 3 is reduced to a and § between u and v € Cy, (u). Then Player
0 replaces the content in the token to {«,v) or (5, v) according to Player 1’s choice of position. The case
of ¢y = x € Bound(p) and 9 = oz.¢,(x), Player 0 replaces the content of the token similarly to the above
cases. If 1) = VA, then Player 1 chooses the next position from (A ¢GA, mark(t)) or (OV A, mark(t)). In
both cases, Player 0 replaces the context in the token to (VA, mark(t)). Therefore either Condition (C2)
or (C3) is satisfied.

Suppose (C2) is satisfied. Then, Player 0 does nothing until the position reaches the forms (<4, mark(t))
with 6 € A. In the position (Gd, mark(t)), Player 0 seeks the node u € C,(mark(t))(= C(mark(t))) in
which VA is reduced to §. Then Player 0 chooses the position (4, mark(u)) and replaces the content of
the token to (d,u). This game position and the content in the token satisfy (C1).

Suppose (C3) is satisfied. In this case, Player 1 chooses the next position (\/ A, mark(u)) with
u € Cy,(mark(t)). If VA € L(t) is reduced to \/ A in u, then Player 0 replaces the content in the token
to (\V/ A, u); therefore, (C1) is satisfied in this case. If VA € L(¢) is reduced to § € A in u, then Player
0 replaces the content in the token to (4, u); therefore, (C4) is satisfied in this case.

Suppose (C4) is satisfied. In this case, from the current game position (\/ A’, mark(t)) Player 0 chooses
the next position (\/ A” mark(t)) such that ¢» € A”. By repeating this choice, Player 0 can reach the
position (¢, mark(t)). Then, the content in the token and the current game position satisfy (C1).

Let £ be a play of £G(S, mark(r),¢) consistent with our strategy. If £ is finite, then for £[|£|] =
(I, mark(t)), we have I € L(mark(t)) and, thus, from the definition of A, we have S, mark(t) | I. This
means £ is winning for player 0. Let & be infinite. Then, from the construction of the strategy, we can
find the branch 7 of T|f2 and the trace tr on 7 such that

& = (tr[1], mark(w[1]))(tr[2], mark(7[2]))(tr[3], mark(7[3])) . .. (7)
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Since 7 is a play of the tableau game TG(p) consistent with fo, 7 is even, and so tr is also even. From
(@) we know that £ is even and, thus, winning for Player 0. From the above argument, ¢ is winning for
Player 0 in either case and, thus, our strategy is winning for Player 0. o

5.2 Automaton normal form

Definition 5.11 (Indexed tops). For technical reasons, we now expand our language by adding indezed
tops Top := {T, | ¢ € I} where I is an infinite countable set of indices. Each T, is treated like T, e.g.,
T; belongs to the literal, ~T; := L, and for any model S and its world s, we have S,s = T;.

Definition 5.12 (Automaton normal form). The set of an automaton normal form ANF is the
smallest set of formulas defined by the following clauses:

1. If Iy, ...,1; € Lit, then /\lgjgilj € ANF.
2. If &V B € ANF, Bound(«) N Free(3) = 0 and Free(a) N Bound(8) = 0, then « vV § € ANF.

3. If a(x) € ANF where = occurs only positively in the scope of some modal operator (cover modality),
and Sub(a(x)) does not contain a formula of the form z A 5. Then, oZ.«(Z) € ANF where oZ.a(Z)
is the abbreviation of oz1....o0xk.ax1,...,2k) as stated in Definition 23

4. If & C ANF is a finite set such that for any 1,92 € ®, we have Bound(¢1) N Free(¢s) = @, then
(V@) A (A1<icjli) € ANF where I1,...,l; € Lit \ U, Bound(p) with 0 < j.

5. If & € ANF then o A T; € ANF.

Note that the above clauses imply ANF C WNF.

Remark 5.13. For any automaton normal form @, a tableau 75 = (T, C,r, L) for ¢ forms very simple
shapes. Indeed, for any node t € T', there exists at most one formula & € L(t) which includes some bound
variables. Note that for any infinite trace tr, tr[n] must include some bound variables. Consequently, for
any infinite branch of the tableau for an automaton normal form, there exists a unique trace on it.

Definition 5.14 (Tableau bisimulation). Let 7, = (T,C,r,L) and 73 = (7",C",r',L’) be two
tableaux for some well-named formulas « and . Let T}, and T, be sets of modal nodes of 7, and 73,
respectively, and let T, and T be a set of choice nodes of T, and 7T, respectively. Then 7, and T3 are
said to be tableau bisimilar (notation: 7, = Tg) if there exists a binary relation Z C (T, x T, )U (T x T})
satisfying the following seven conditions:

Root condition: (r,r’) € Z.
Prop condition: For any ¢t € T, and ¢ € T}, if (¢,t') € Z, then
(L(t) N Lit(a)) \ Top = (L'(t") N Lit(3)) \ Top.
Consequently L(t) is consistent if and only if L'(¢’) is consistent.

Forth condition on modal nodes: Take t € T,,, uw € T, and t' € T/, arbitrarily. If (¢,t') € Z and
u € C(t), then there exists u’ € C'(t') such that (u,u’) € Z (See Figure [2]).

Back condition on modal nodes: The converse of the forth condition on modal nodes: Take t € T,
t' € T! and v’ € T/ arbitrarily. If (¢,t') € Z and v’ € C'(¢'), then there exists u € C(¢) such that
(u,u) € Z.

Forth condition on choice nodes: Take u € T, t € T,, and v’ € T, arbitrarily. If (u,v’) € Z and ¢ is
near u, then there exists ¢’ € T, such that (¢,¢') € Z and ¢’ is near u’ (See Figure [2)).

Back condition on choice nodes: The converse of the forth condition on choice nodes: Take u € T,
u € T! and t' € T, arbitrarily. If (u,u’) € Z and t’ is near v, then there exists ¢ € Ty, such that
(t,t') € Z and t is near wu.
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Figure 2: The forth conditions.

Parity condition: Let 7 and 7’ be infinite branches of 7, and 7p, respectively. We say that 7 and 7’
are associated with each other if the k-th modal nodes 7[i] and #'[i}] satisfy (7[jx], 7'[j}]) € Z for
any k € w\ {0}. For any 7 and 7’ which are associated with each other, we have 7 is even if and
only if 7’ is even.

If 7, and T3 are tableau bisimilar with Z, then Z is called a tableau bisimulation from T, to Tg.

Remark 5.15. As will be shown in Lemma B.T6] if 7, and 7z are tableau bisimilar, then, o and 5 are
semantically equivalent. However, the reverse is not applied. For example, consider the following two
tableaux, say 71 and 7a:

pa | par pa,r | pr
pa | pr pavrg Y v (V)
(W) ( (N)
p,qVr \ pA(gVT),q | pA(gVr),r V)
pA(gVr),qVr A pA(qgVr),qVr )
(pA(gVr)A(gVr) (pA(gVr)AlgVr)

In this example, even 7; and 7z are tableaux for the same formula (p A (¢ V r)) A (¢ V ), there does not
exist a tableau bisimulation between them. Because, 73 has leaves labeled by {p,q,r} but T; does not.
Note that if @ is an automaton normal form, then the tableau 75 for ¢ is uniquely determined.

Lemma 5.16. Let o, S be well-named formulas. If To, = Ta, then = a < S.

Proof. First, we will introduce the notion of a marking relation, which is a slight generalization of the
marking function discussed in the proof of Lemmas [5.9] and Let 7, = (T,C,r, L) be a tableau for
some well-named formula ¢, and S = (S, R, \) be a model and sy € S be its possible world. The marking
relation Mark C T' x S between 7T, and (S, so) is a relation satisfying the following clauses;

o (r,80) € Mark

o If (t,s) € Mark and ¢ is a choice node, then there exists modal node u € C*(t) such that u is near

If
t and (u, s) € Mark.
If

(t,s) € Mark and t is a modal node, then for any u € C(t), there exists s’ € R(s) such that
(u,s") € Mark.

e If (¢,s) € Mark, ¢ is a modal node and C(t) # 0, then for any s’ € R(s), there exists u € C(¢) such
that (u,s’) € Mark.

e For any modal node ¢t € T and possible world s € S such that (¢,s) € Mark, if [ € L(t) N Lit(p),
then S, s = 1.

e For any infinite branch 7 such that {n € w | Is € S; (w[n], s) € Mark} is infinite, 7 is even.

Then the following assertion holds:
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(1): S, s0 = ¢ if and only if there exists a marking relation between 7, and (S, so).

(1) is provable in the same method as the proofs of Lemmas and .10 We leave the proof of (t) as
an exercise to the reader.

Suppose To = T3 and so there exists a bisimulation Z from 7, to 73. Then, the converse relation
Z— = {({t',t) | (t,t') € Z} is a bisimulation from 73 to 7,, and thus 73 = 7T,. Therefore, it is enough
to show that = o — (. Take a model § = (S, R, A) and its world so such that S, sp = «. Then by (1),
there exists a marking relation Mark’ between T, and (S, so). Consider the composition

Mark := Z~Mark’ = {(¢,s) | (t,t') € Z~, (¢, s) € Mark'}.

Then Mark is a marking relation between 7 and (S, so); thus, from (), we have S, so |= 8. Therefore,
we obtain | a — . O

Theorem 5.17 (Janin and Walukiewicz [7]). For any well-named formula o, we can construct an
automaton normal form anf(a) such that To = Tanf(a) for some tableau To for a.

Proof. Let T = (T,C,r,L) be a tableau for a given formula «, A, = (Q,P(Sub(«)),d, qr,) be an
automaton as given by Lemma [5.7] and stat(t) be the automaton states of ¢ € T as defined in Definition

63
First, we construct a tableau-like structure 7B, = (Ty, Cp, 75, Lp, Bp) called a tableau with back edge
from T as follows:

e The node t € T is called a loop node if;

(#) There is a proper ancestor u such that (L(t),stat(t)) = (L(u), stat(u)), and

(V) for any v € T such that v € C*(u) and t € C*(v), we have Q(stat(v)) < Q(stat(t))(=
Q(stat(u))).

In this situation, the node w is called a return node of t. Note that for any infinite branch 7 of 7,
there exists a loop node on 7. Indeed, take N := max Q(Inf(stat(r))). Then, since P(Sub(a)) x Q
is finite, there exists (I', ¢) € P(Sub(a)) x @ such that Q(q) = N and

N i={new|(l,q) = (L(x[n]),stat(n[n])) }

is an infinite set. Take a natural number K such that for any n > K, we have Q(stat(n[n])) < N.
Moreover, take ni,no € A such that K < n; < no. Then, from the definitions of N and K, we
have (L(w[n4]),stat(n[n1])) = (L(w[ng]),stat(w[ng])) and for any k € w such that ny < k < ng,
Q(stat(n[k])) < Q(stat(w[nsg])). Therefore m[ng] is a loop node with return node 7[n].

We define the set T}, of nodes as follows:
T, := {t € T | for any proper ancestor u of ¢, u is not a loop node}

Intuitively speaking, we trace the nodes on each branch from the root and as soon as we arrive at
a return node, we cut off the former branch from the tableau.

o Set Cy := C|1,xm,, 7 =1 and Ly := L, .

o By :={(t,u) € Ty, x T, | t is a loop node and u is a return node of t}. An element of By, is called
back edge.

By Konig’s lemma, we can assume that 7B, is a finite structure because it has no infinite branches. The
tableau with back edge is very similar to the basic tableau. In fact, the unwinding UNW,., (TB,) is a
tableau for a. Therefore, we use the terminology and concepts of the tableau, such as the concept of the
parity of the sequence of nodes. From the definition of loop and return nodes (particularly Condition
(©)), we can assume that

(1): Let 7 be an infinite (Cp U Byp)-sequence and let ¢ € T, be the return node which appears
infinitely often in 7 and is nearest to the root of all such return nodes. Then, 7 is even if and
only if Q(stat(t)) is even.

Next, we assign an automaton normal form anf(¢) to each node ¢ € T}, by using top-down fashion:
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Base step: Let t € T}, be a leaf. If ¢ is not a loop node, then ¢t must be a modal node with an inconsistent
label or contain no formula of the form V®. In both cases, we assign anf(t) := A;..<; Ik Where
{l1,...,1;} = Ly(t) N Lit(c). If t is a loop node, we take z; € Prop \ Sub(y) uniquely for each such
leaf and we set anf(t) := x.

Inductive step I: Suppose ¢t € T}, is a (V)-node where ¢ is labeled by {V¥q,..., VU, l1,...,[;} with
li,...,1l; € Lit(o), and we have already assigned the automaton normal form anf(u) for each child
u € Cp(t). In this situation, we first assign anf™ () to ¢ as follows:

anf™(t) := v{anf(u) | u € Cp(t)} A /\ Ik

1<k<;
= /\ Sanf(u) | AD \/ \/ anf(u) A /\ Ik (8)
ueCH(t) 1<k<i \ wec™ (1) 1<k<j

where Clgk) (t) denotes the set of all children u € Cy(t) such that V¥ is reduced to some v, € Uy,
between ¢ and u. That is, we designate the order of disjunction in anf™ (¢) for technical reasons (see
Remark 5.18). If ¢ is not a return node, then we set anf(¢) := anf™ (¢). Alternatively, if ¢ is a return
node, then let t1,...,t, be all the loop nodes such that (tx,t) € By (1 <k <n). We set

| op IfQ(stat(t)) (= Q(stat(ty)) = - - - = Q(stat(t,))) =1 (mod 2)
oL i= { v TEQ(stat(t))(= Q(stat(t1)) = --- = Q(stat(tn))) =0 (mod 2) (9)
In this case we define anf(t) as anf(t) := oy, .. ..oy, .anf (¢).

Inductive step II: Suppose t € T}, is a (V)-node where, for both children u,v € Cy(t), we have already
assigned the automaton normal forms anf(u) and anf(v), respectively. If ¢ is not a return node,
then we set anf(t) := anf(u) V anf(v). Suppose ¢ is a return node. Let ¢1,...,%, be all the loop
nodes such that (t5,t) € By (1 <k <n). In this case, oy is defined in the same way as ([@) and we
define anf(t) as anf(t) := oyay, . ... oy, . (anf(u) V anf(v)).

Inductive step III: Suppose ¢ € T}, is a (A)-, (0)- or (Reg)-node where we have already assigned the
automaton normal form anf(u) for the child v € Cy(¢). If ¢ is not a return node, then we assign
anf(t) := anf(u) A T, where T; is an indexed top which is taken uniquely for each ¢ € Ty. If ¢ is
a return node and t1,...,t, are all the loop nodes such that (tx,t) € By (1 < k < n), then, oy is
defined in the same way as (@), and we define anf(t) as anf(t) := oy, . . ..o, . anf(u).

We take anf(«) := anf(r).

Consider the structure (Ty, Cy,rp,anf, By). We intuit that this structure is almost a tableau with
back edge for anf(a). To clarify this intuition, we give a structure 7 Banf(a) = (f, 6, T, Z, E) by applying
the following four steps of procedure re-formatting (73, Cy, 15, anf, By) so that TB,ns(a) can be seen as a

proper tableau with back edge. At the same time, we define the relation Z+ C T}, x T.
Step I (insert (0)-nodes) Initially, we set (f, 6,?,Z,§) = (Tb,Cb,rb,E,Bb) where E(t) := {anf(¢)},

I~

and set ZT := {(¢t,t) | t € T,}. Let t € T be a return node where t1,...,t, are all the loop nodes

such that (tx,t) € B (1 < k < n). Then, we insert the (o)-nodes uy,...,u, between ¢t and its
children in such a way that

anf(t) = 0tTty -OtTty- ... 0T, .ﬁ(l'tl, . ,.Z‘tn)

is reduced to B(zy,..., 2, ) from u; to u, 4 Moreover, we expand the relation ZT by adding
{(t,ux) | 1 <k < n}. For example, if ¢ is a (V)-node in TB, such that {vi,v2} = Cp(t), then our

6 In other words, we add w1, ..., un into T, add (t,u1), (u1,uz), . .., (Un—1,un) and {(un,u) | u € C(t)} into C, discard
{(t,u) | w € C(t)} from C, and expand L to ui,...,up appropriately.
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procedure would be as follows:

anf(v1) | anf(vg)
anf(v1) \./anf(vg)
2 (o)
anf(vy) | anf(vg) OtZty. ... 01X, . (anf(vy) V anf(vz))

Ot&t, .Ot&ty. ... 0124 . (anf(v1) V anf(vz)) Ot&t, .Ot&t,. ... 01Xy, . (anf(v1) V anf(vg))

(V)

()

Step II (insert (A)-nodes) Let ¢ € T be a node which is labeled by;

v{anf(u) [ue CO}A | N U

1<k<j

Then, we insert the (A)-nodes wo,...,u; between ¢’ and its children (i.e., the nodes of a(t)) and

label such uq,...,u; as below:
anf(u) | EE C(t) @)
V{anf(u) |ue O} 0,... 1
L (N
anf(u) | (S é(t) V{anf(u) | AS 6@)}) (Algkgj lk) (/\)
v{anf(u) | ue CO}A (Arcpe, k) v{anf(u) [ u€ CO}A (Arcre, k)

Further, we expand the relation Z% by adding {(t,ux) | 1 < k < j}.

Step III (revise the back edges) Let ¢, with 1 < k& < n be the loop node, and ¢ be the return node
of t;, such that
anf(ty) = ay,
anf(t) = O0tTt Oty - O'tl'tn.ﬂ(l'tl, . ,Z'tn).

If 2 < k, then we delete (¢x,t) from B and add (tg,ur) into B where ug is the unique nodes
satisfying;

~

L(Uk) = {O'tl'tk. e atxtn.ﬁ(xtl g ,ZCtn)}.

By this revising procedure, for any loop node ¢t and its return node u, Z(t) and Z(u) form the
(Reg)-rule of anf(a).

Step IV (add the indexed tops) Suppose t € T and its child u are labeled as follows;

anf(u)
anf(u) A T

Then, we add T, to L(v) where v € (C'U B)*(t) such that, between the (C' U B)-path from ¢ to v,
there does not exist a (V)-node. By this adding procedure, such a ¢ becomes a proper (A)-node.

The structure T Banf(a) = (f, CA', 7, E, E) repaired by the above four procedures can be seen as a tableau
with back edge for anf(«) in the sense that the following two assertions hold:

(%) The unwinding UNWz(T Banf(a)) is a tableau of anf(a).
() Let 7 be an infinite (6 U B)-sequence and let £ € T' be the return node which appears infinitely often

in 7 and is nearest to the root of all such return nodes. Then 7 is even if and only if Z(tA) includes
a v-formula.
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Set Z := Z+|((Tb)mxfm)u((Tb)cxﬁ)' If we extend the relation Z to the pair of nodes of UNW,.(T B,,)

and UNW#(T Banf(a)), then Z clearly satisfies the root condition, prop condition, back conditions and
forth conditions. Moreover, from (f) and (), we can assume that Z satisfies the Parity condition.
Therefore, we have UNW,.(TBa) = UNW&(T Banf(a)), and so T, := UNW,.(TB,) and anf(«a) satisfy the
required condition. O

Remark 5.18. Let Sub’(anf(a)) be the set of subformulas of anf(a) which contains some bound variables.
From the relation Z% constructed in the proof of Lemma 517 we can construct a function f from
Sub’(anf(a)) to P(Sub(a)) naturally because of the following:

e for any 3 € Sub’(anf(w)), there exists a unique ¢ € T such that 8 € Z(tA), and
e for any 7 € T there exists a unique ¢ € T}, such that (t,t) e Z+.

Therefore, if we define f(B) := L(t) where Be L(f) and (t,7) € Z*, then the function f is well-defined.
Moreover, let t € Tj be a (V)-node such that Ly(t) = {V¥4,...,V¥;,li,...,l;}. Then, we expand f to
the formula y; and y2 such that

anf(u) < x1 < \/ anf(u) < x2 < \/ \/ anf(u) ,

ueC® (1) Isk<i \wec® (1)
for every k where 1 < k <14 and for every u € C’,Sk) (t). Now, we define f(x2) as
flx2) = {\/\Iln ! Sngi}.

Next, we note that for any u € C’ék) (t) there is a unique 1 € ¥y such that V¥ is reduced to ¥,. We

denote such a 1y, by cor(u). Suppose x1 =V, xx) anf(u) where X®) c C’,Sk) (t). Then we define f(x1)
as;

f(X1)5:{\/\I’n|1§n§i,n7ék}U \/ cor(u)
ue X (k)

Recalling Equation (§]), the reason we designated the order of disjunction in anf(¢) is that, in conjunction
with above definition of f, we obtain the following useful property:

(Corresponding Property): Consider the section of the tableau which has the root labeled by

\/ \/ anf(u) ,

1<k \ wec™ (1)

and every leaf labeled by some anf(u). Then, for any node w and its children v, and vy we have (i)

f(L(w)) = f(L(v1)) = f(L(v2)) or, (i) f(L(w)), f(L(v1)) and f(L(v2)) forming a (V)-rule.

Let us confirm the above property by observing a concrete example as depicted in Figure Bl In this
example, the root and its children satisfy (i), and the child of the root and its children form a (V)-rule.
Thus, (ii) is satisfied.

The function f will be used in the proof of Part 5 of Lemma [5.26

Corollary 5.19. For any well-named formula «, we can construct an automaton normal form anf(a)
which is semantically equivalent to a. Moreover, for any x € Free(a) which occurs only positively in «,
it holds that x € Free(anf(a)) and = occurs only positively in anf(c).

Proof. This is an immediate consequence of Lemma [5.16] and Theorem .17 O
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[al,\/{ﬁl,ﬂm%}] (a2vv{ﬁlvﬂ2aa3}] (\/{017&2},51] [V{alqaz}«ﬁz] (v{aho@};ﬂS] [anf(ul)] [anf(uz)] [GNf(u3)] [anf(u4)] [anf(u5)]

Uy U u3 Uy us [ Uz U3 Uy Uus

anf

V{ai, ax}, V{B1, B2, B3} i anf(t)

(00, ViB1. B2, Bs}) (02 VB B2 B}) (Vdnsazd 1) (VHen ea}. 5] (Vs e} ) (anf(un)) (anf(m)) (anf(us)) (anf(un)) (anf(us))
(VHa, a2}, Vi, 5] é (V{anf (), anf(us)})

(Viaw, 02} ViBr. Ao Ba}) (Vw02 V{Br, B B} (V{anf(ur),anf(uz)}) (V{anf(us).anf(us), anf(us)})
(Viowes) Vo) ((Veanftun.anitunn) v (V(ant(uo) anf(wg anf))

Figure 3: An example of the corresponding property.

5.3 Wide tableau

Definition 5.20 (Wide tableau). Let ¢ be a well-named formula. The rule of a wide tableau for ¢ is
obtained by adding the following seven rules to the rule of tableau, which are collectively called the wide
rules:

r|r
L) 5 (@
00 VAT | favpT o B0 nfT
oV BT Vo) —ongr o M)
wi(z)ﬂo—xzwfﬂ(z)’r QOI(SC),SC,F
0xx.0r(x), T (0w) x,T (Reg.,)

{Ue} U{V ¥, | n € Ny, } | For every k € w with 1 <k <+ and ¢, € Uy
V\Ill,...,v\lli,ll,...,lj

(Vaw)

where in the (V,,)-rule, l1,...,l; € Lit(p) and, for each 9, € J;<p<; ¥r we have Ny, = {n e w |1 <
n<i, n#k}or Ny ={n€wl|l<n<i} Therefore, the premises of the (V,)-rule is, as with the
(V)-rule, equal to > ;o ; [V

A wide tableau for ¢ (notation: WT,) is the structure defined as a tableau for ¢, but satisfying the
following additional clause:

4. For any infinite branch m of WT,, {n € w | w[n] is (V)-node or (V,,)-node} is an infinite set.

Clause 4 restrains a branch that does not reach any modal node eternally by infinitely applying the wide
rules except (V,,)-rule.

Remark 5.21. A tableau can be considered a special case of the wide tableau, in which the wide-rules
are not used. The concepts of modal and choice nodes as per Definition naturally extend to the wide
tableau. Let ¢ be a node of some wide tableau and u be its child. Then, the trace function TRy, as per
Definition is extended as follows:

o If ¢ is a (e1)- or (e2)-node where ¢ and u are labeled by I', then we set TRy, (y) := {7} for every
vyel.

e If ¢ is a (V4 )-node where the rule applied between t and its children forms

a,aVB I | Bavpl
aVvp,T (V)

then we set TRy, () := {7} for every v € T'. Furthermore, we set TRy, (a V 3) := {o, @ V 5} when
L(u) ={a,a Vv }UT and set TRy, (aV B) :=={8,aV 5} when L(u) = {8,V 5} UT.
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e If ¢ is a (Ay)-node where the rule applied between ¢ and its child forms

a’ /B’a/\/B’F
“angD W)
then we set TRy, (v) := {7} for every v € T', and we set TRy, (a A B) := {«, B, A B}.

e If t is a (0, )-node where the rule applied between ¢ and its child forms

Px (-T)a Uﬂcx-(Pz(-T)a r
0.0z (2),T

(ow)

then we set TRy, (v) := {7} for every v € T', and we set TRy, (0,2.0:(2)) := {¢z (), 0x2.0x(x)}.

e If ¢ is a (Reg)-node where the rule applied between t and its child forms

oz (), x, T
———;jfr——'(Regw)

then we set TRy, (y) := {v} for every v € T, and we set TRy, (z) := {pz(z),z}.

o If ¢ is a (V4 )-node where the rule applied between ¢ and its children forms

W UV, [n€ Ny, } | 1<k <i, ¢y €Yy, (Tu)
VU, ...,V 0, v

Moreover, suppose u is labeled by {¢x} U{V ¥, | n € Ny, }. Then, we set TRy, (V%) := {¢x}
when Ny, = {n €w|1<n<i, n#k}, and we set TRy, (VW) = {wk,\/\llk} when Ny, = {n €
w|l<n<i} Weset TRtu(V\II ) :={V U,} for every n € Ny, \ {k}, and set TRy, (l,) := 0 for
every n < j.

Under this extended definition of the trace, the automaton A, of Lemma 5.7 and the bisimulation of
Definition [5.14] can also be naturally extended to the wide tableau. Thus, we apply these concepts and
results freely to this new structure.

Definition 5.22 (Inserted trace). Let WT, = (T,C,r,L) be a wide tableau for some well-named
formula . Let 7 be a finite or infinite branch of W7 and let tr be a trace on 7. For technical reasons,
we will need an inserted trace (denotation: tr) for each trace tr which is constructed by the following

procedure (t) (see also Figure M));
Qgm0
tr
(B /0
VO

Figure 4: An inserted trace.

(1): Suppose ¥ = {0, 91,...,¥r} and that wn] is a (V)- or (V4 )-node in which trjn] = v¥
is reduced into tr[n 4+ 1] = ¢9. Then, we insert the sequence

VN @\ L), @\ e, 0d), o o, vee, v}, \{o, )

between tr[n] and tr[n + 1].

Note that tr is even if and only if tr™ is even because inserted formulas are all V-formulas and, thus, the
priorities of these formulas are equal to 0 (recall Equation (6)). The set of inserted traces TRT(7) and
the set of factors of inserted traces TRT (wr[n, m]) or TRT(7[n], 7[m]) are defined similarly.
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Definition 5.23 (Tableau consequence). Let W7, = (T,C,r, L) and WT g = (T',C’,r', L") be two
wide tableaux for some well-named formula o and 8. Let T, and T}, be the set of modal nodes of
WT, and WTg, and let T, and T, be the set of choice nodes of WT,, and WT g, respectively. Then
WT g is called a tableau consequence of WT, (notation: WT, — WT g) if there exists a binary relation
Z C (T, x T))) U (T, x T?) satisfying the following six conditions (here, the condition of the tableau
consequence is similar to the condition of tableau bisimulation so we have illustrated the differences
between these two conditions using underlines):

Root condition: (r,7") € Z.
Prop condition: For any t € T, and t' € T}, if (¢,t') € Z, then

(L(t) NLit(a)) \ Top 2 (L'(t") N Lit(B)) \ Top.

Consequently, L(t) is consistent only if L'(t') is consistent.

Forth condition on modal nodes: Take t,u € T,, and t' € T’ arbitrarily. If (t.#') € Z and u is a
next modal node of £, then C’(¥') = () or there exists v’ € T' which is a next modal node of # such
that (u,v') € Z.

Back condition on modal nodes: Take t € T,,, t' € T} and «' € T! arbitrarily. If (¢,t') € Z and
u € C'(t'), then C(t) = 0 or there exists u € C(t) such that (u,u') € Z.

Forth condition on choice nodes: Take u € T, t € T,, and v’ € T, arbitrarily. If (u,v’) € Z and ¢ is
near u, then there exists ¢’ € T, such that (¢,¢') € Z and t’ is near u'.

Back condition on choice nodes: No condition.

Parity condition: Let m and n’ be infinite branches of W7, and WT 3 respectively. If 7 and 7’ are
associated with each other, then 7 is even only if 7’ is even.

A relation Z which satisfies the above six conditions called tableau consequence relation from WT, to

WT 5.

Let 71 and T3 be tableaux mentioned in Remark 515 then they are not bisimilar. However, we can
assume that 7o — 77. Suppose t is a node of some tableau labeled by {7} UT and, w is a its child labeled
by {7/} UT. Then, there exists two possibilities; v/ € " or 7/ ¢ I". We say a collision occurred between ¢
and u if v/ € T'. In Remark 5.0 we can find collisions in 7; but cannot in 75. In general, if we construct
a tableau 7, for a given formula ¢ so that collisions occur as many as possible, then, we have WT, — 7,
for any wide tableau WT, for ¢. To denote this fact correctly, we introduce the following definition and
lemma.

Definition 5.24 (Narrow tableau). A well-named formula ¢ and a set I' C Sub(y) are given. For a
formula v € T, a closure of v (denotation: cl(v)) is defined as follows:

v € cl(y).
If o f € cl(y), then a, B € cl() where o € {V,A}.

If 0,20, () € cl(y), then p,(z) € cl(y).

If = € cl(y) N Bound(yp), then ¢, (z) € cl(y).

In other words, cl(v) is a set of all formulas ¢ such that for any tableau 7, = (T, C,r, L) and its node
t € T, if v € L(t), then, there is a descendant u € C*(t) near t and a trace tr on the C-sequence from ¢ to
u where tr[1] = v and tr[|tr|]] = 6. We say  is reducible in T" if, for any v € T'\ {7}, we have v ¢ cl(v/).
A tableau T, = (T, C,r, L) is said narrow if for any node ¢ € T which is not modal, the reduced formula
v € L(t) between t and its children is reducible in L(t).

Lemma 5.25. For any well-named formula p, we can construct a narrow tableau for .
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Proof. Let ¢ be a well-named formula. Then, it is enough to show that for any I' C Sub(y) which is not
modal, there exists a reducible formula v € I'. Suppose, moving toward a contradiction, that there exists
I' C Sub(p) which is not modal and does not include any reducible formula. Take a formula v; € T such
that cl(y1) 2 {71}. Since 71 is not reducible in T', there exists y2 € '\ {71} such that v; € cl(72). Since
72 is not reducible in T', there exists 73 € I'\ {72} such that v2 € cl(y3). And so forth, we obtain the
sequence (v, | n € w\ {0}) such that v,11 € '\ {y,} and 7, € cl(yp+1) for any n € w\ {0}. Since |I'| is
finite, there exists 4, j € w such that 1 < ¢ < j and 7; = ;. Consider the tableau 7, = (T,C,r,L) and
its node t € T such that ; € L(t). Then, from the definition of the closure cl, there exists a trace tr on
7 such that:

(V) 7 is a finite C-sequence starting at ¢ where (V)-rule nor (V,,)-rule do not applied between .
(%) tr[1] = trfer] = ;.

On the other hand, since ¢ is well-named, for any bound variable 2 € Bound(i), « is in the scope of some
modal operator (cover modality) in ¢, (z). Thus we have:

(&) For any trace tr on 7, if () is satisfied, then 7 includes a (V)-node or (V,,)-node.
(V) and (#) contradict each other. O
The next lemma states some basic properties of the tableau consequence.

Lemma 5.26. Let o, 8, v and ¢(x) be well-named formulas where x appears only positively and in the
scope of some modality in ¢(x). Then, we have:

1. IfWT o = WTg, then WT o — WT3.

2. IfWTo = WTg and WT g — WT,, then WT o — WT,,.

3. If Ty is narrow, then, for any wide tableau WT o, we have WT o — Tq.

4. For any tableau Ty (uz.0(z)), there exists a wide tableau WT 1z (&) such that T,(uz.o(z)) = WT uz.0(x) -
5. For any tableau Ty (anf(a)), there exists a wide tableau WT 4oy such that Toanf(a)) = WT p(a)-

Proof. Suppose WT o = WT 3. Then there exists a tableau bisimulation Z from W7, to WT 3.
It is easily checked that Z satisfies the conditions of the tableau consequence relation from W7, to WT g
and, thus, WT o — WTg.

Suppose WT o — WTg and WT 3 — WT,. Then, there is a tableau consequence relation,
Z, from WT, to WTpg and there is a tableau consequence relation, Z’, from W7z to WT,. The
composition ZZ' := {(¢,t") | (¢t,t') € Z, (t',¢") € Z'} is a tableau consequence relation from WT,, to
WT,, and, thus WT, — WT,,.

Let T, and T be the sets of choice nodes of WT,, and T,, and let T, and T be the sets of
modal nodes of WT,, and T4, respectively. The tableau consequence relation Z is constructed inductively
in a bottom-up fashion. Our construction of Z satisfies the following additional property:

(f) Forany t € T, U T, and t' € T, UT, ,if (t,t') € Z then L(t) D L'(t').

For the base step, add (r,r’) into Z. This expansion indeed satisfies (), since L(r) = L'(r') = {a}. The
inductive step is divided into two cases.

For the first case, suppose that u € T, and v’ € T satisfies (u,u’) € Z and (). From the facts
L(u) O L'(v') and that 7, is narrow, for any ¢ € T, which is near u, we can find ¢’ € T, which is near
u’ such that TRJu,t]  TR[v/,t']. We add such pairs (¢,t’) into Z; this expansion indeed preserves (f).
Note that it is possible that, although L(u) = L'(u’), our extension yields L(t) 2 L'(t) due to collisions
and the (V,,)-rule. For example, consider a section of a wide tableau and a tableau as depicted in Figure
In this example, if (u,u’) € Z, we must extend it so that Z includes

{(tlatll)’ (tQa tll)a (t3a tll)a (tQ’tl2)’ (t?n t/2)a (t4’tl2)}

24



tl’ V¥ ‘ tz’ VU, VI, ‘ ’ vy, VU, ‘t‘n’ lv\% ‘t‘l t v, ‘ th ’ — ‘
(\/) (\/)
’V‘I’LV\I’l\/V\PQ ‘ ’ VU, VI, \/V\IIQ‘ (V)
(Vaw)
u o

Figure 5: An extension of the tableau consequence relation.

because of, for example,

TR[U, tg] = {<V\I/1 V VWy, V¥, V\IJ1>,
(VU1 V VT, VI VYT, VU,)}
5 {(VU;V VT, vUi)}
= TR, t4].

Thus, we have (to,t]) € Z. Consequently, although L(u) = L'(uv') = {v¥; V V¥s}, we have L(tz) =
{VUy, VU D{VU,} = L/(#).
For the second case, suppose that t € Ty, and ¢’ € T, satisty (¢,t') € Z and (}). Let
Lt)=vUq,...,V0,, VUi, ...,V b1, ley levty - oy lds (10)
L'({t)=v¥y,...,v¥,, I, .ol (11)

with 0 < a,b,¢,d. If a = 0, then we halt the expansion of Z from (¢,¢'). This halting procedure does
not conflict with the forth and back conditions on modal nodes ¢ and t' since C’(¢') = (). Similarly, if

{l1,...,1lq} is inconsistent, then we halt the expansion of Z from (¢,t'). This halting procedure does not
conflict with the forth and back conditions on modal nodes ¢ and ¢’ since C(t) = (). Suppose a > 0 and
{l1,...,1q} is consistent. Then, for the back condition on modal nodes, for any v’ € C’(¢'), we must find

u € C(t) such that (u,u’) € Z. For v’ € C’(t') which is labeled by {¢,} U{V ¥,, | n € Ny, }, we add pairs
(u,u’) into Z where u € C(t) is labeled by {¢x} U{\/ ¥, | n € Ny, }. This expansion clearly preserves
Condition (f). For the forth condition on modal nodes, for any w which is a next modal node of t we
must find v’ which is a next modal node of ¢ such that (u,«’) € Z. From ([I0), (1)) and the fact that 7,
is narrow, for any u near t, there exists «’ near ¢’ such that TRT[t,u] ® TRT[¢/,u/]. We add such pairs
(u,u’) into Z. Again, this expansion preserves (t).

Finally, we must prove that the relation Z constructed above satisfies the parity condition. Let 7 and
7' be infinite branches of WT,, and 7, respectively, such that = and «’ are associated with each other.
Then, by the construction of Z, we can assume that

TRT(m) TR (#) (12)

If 7’ is not even, then there exists an odd trace tr on 7. From (I2]), we can assume that TR™(7) includes
tr™ and, thus, there exists an odd trace on 7 (this is because, remember that tr is even if and only if tr™
is even). This means 7 is also not even and, therefore, the parity condition is indeed satisfied.

First, recall Remark [ZT1l Since ¢(x) is well-named, we can assume that o(uZ.¢(Z)) is an
abbreviation of

o(u1.9(21), - - ., pT-(Tx))

Do @)

where () = p(x1,...,zk)[z1 /2, ... xK /2], © & Free(p(z1,. .., 2,)) and pZ;.o(4;) = px; . ... px;

with 1 <4 < k are appropriate renaming formulas of uZ.p(Z) so that Equations (IJ) through (B]) are satis-
fied. Then, we can divide Sub(p(uZ.¢(Z)) into the following three sets of formulas, each of them pairwise
disjoint;

Suby := {a(u@1.p(F1),. .., pir.0(Tr)) | () € Sub(ui.p(E))} \ Subs
Subs:= | Sub(uip()) \ ({;@1.@(@), e pERp(E)) } U Subg)

1<i<k
Subs := {9 € Sub(p(uZ.¢(Z))) | ¥ does not contain any bound variable.}
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Next, we define the function f : Sub(¢(uZ.¢(¥))) — Sub(uZ.o(Z)) by

a(Z) if = a(pZy.p(d1),. .., uTk.p(Lk)) € Suby,
f(@W) =14 B(&) ify= ﬁ(xz) € Suby with 1 <4 <k,
P if ¢ € Subs.

Let To(uz.o(z) = (T, C,r, L) be a tableau for ¢(uZ.¢(%)). Consider the structure

WT pz.p@ = (T8 {ry,...,ri}, C O {(rn, Tngr), (rk,7) | 1 <n <k}, L)

where L'(ry,) = {pxy. ... pxp.o(@)} with 1 < n < k and L'(t) := f(L(t)) for any ¢ € T. Then, we
can assume WT#5_¢(5) is a wide tableau for uZ.¢(Z). Note that, in general, wide rules are necessary in
WT .o z), for example, consider a part of T, (,z.,(z)) and the corresponding part of WT ,z ,(z) depicted
in Figure[@l In this example, we assume that considering the label of a node includes

. .Mau;’.l f .: ]
aly, pd1p(@1), ..., pin.0(Fr)), oy *aly, @), oy.a(y, 7) (o)
oy-aly, pi(F1), . po(Tr), Uya(y, , Y-y, &) “
Towzo@y WT i)

Figure 6: An initial example of a corresponding wide tableau.

wl = O-y‘a(y’/j/fl-(p(fl)a cee ,ﬂfk@(fk)) € SUbl
Yo = oy.ay,T1) € Suby

where f(v1) = f(¥2) = oy.a(y,Z). If we reduce 11, then the corresponding label of the node on
WT uz.4(z) includes a(y, ¥) and oy.a(y, T). Therefore, this case requires the (o, )-rule.
Take an infinite trace tr of 7,(,z.,(z)) arbitrarily. Then, from the definition of f, we have;

(1): tr is even if and only if f(tr) is even.

Set Z :={(r,r1), (t,t) | t € (T UT)\{r}}, where T;,, C T is the set of modal nodes and T, C T is the set
of choice nodes. This relation Z satisfies the conditions of tableau bisimulation; we only have to confirm
the parity condition since all the other conditions are obviously satisfied. Let m be an infinite branch
of To(uz.o(z)) and let 7’ be an associated infinite branch of WT uz.o(z)- Then, from the construction of

ui.p(z) and Z, we can assume that w[n] = 7'[n + k] for every n € w \ {0,1}. If 7 is not even, then
there exists a trace tr on 7 which is not even. Consider the sequence (uZ.@(), ..., pax.o(Z)) f(tr). From
(1), we can assume that this sequence is a trace on 7/, which is also not even. Therefore 7’ is not even.
Conversely, suppose that «’ is not even. Then, there exists a trace tr’ on 7’ which is not even. Take a
trace tr on 7 such that (uZ.0(Z), . .., prr.o(Z)) f(tr) = tr'. Then, tr is also not even and, therefore, 7 is
not even. The above implies the parity condition of Z.

First, as in the proof of Part 4, we divide Sub(p(anf(«))) into three sets of formulas, each of
them pairwise disjoint;

Sub; = {B(anf(a)y,... anf(a)k) | B(z1,...,2) € Sub(p(Z))} \ Subs
Suby := U Sub(anf(a ({anf ,anf(a), } U Subg)
1<i<k

Subg := {9 € Sub(p(anf(a))) | ¢ does not contain any bound variable.}

where o(x) = p(z1,...,zK)[x1/2,. .., 28 /2], © & Free(p(z1,...,2x)) and anf(a); with 1 < i < k are
appropriate renaming formulas of anf(«). Recall Remark 5.I8 there we had given the partial function
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[ : Sub(anf(a)) — P(Sub(«)). We define the function f* : Sub(¢(anf(a))) — P(Sub(p())) by expanding
f as follows;

{,8(0[1, o aak)} if ’l/) = /B(anf(a)la v aanf(a)k) € SUbla
W) =4 @) if ¢y =F; € Suby with 1 <i <k,
{v} if 9 € Subs.

where «; with 1 <14 < k are appropriate renaming formulas of a and 7; with 1 < i < k are appropriate
renaming formula of 4 € Sub(anf(a)). Let Ty anf(a)) = (T, C, 7, L) be a tableau for p(anf(a)). Then, we
can assume the corresponding structure W7 () := (T, C,r, f* o L) is a wide tableau for ¢(a). Note that
the wide rules (Ay), (Vw), (0w), (Reg,,) and (V) are needed when we reduce x; where the node under
consideration includes x; and x2 such that f*(x1) N fT(x2) # 0. We observe this fact by confirming a

constructed example depicted in Figure [ In this example, the node of 7 (anf(a)) under consideration is

7 o Ji+-
‘a1,81V327F‘ ‘527 By \/32,F‘ “\/[A, $1, )1 Ve, B, f*(F)‘ ‘A, o, Y1V, B, f+(p)‘
0 e
YENATN S v e By 77D)
n(an“&))m S (T7 07 7.47}.+OL)

Figure 7: A second example of a corresponding wide tableau.

a (V)-node which is labeled by {a; V az,ﬁl Vv BQ} UT where a; V ag,ﬁl \Y 32 € Subs such that

fr@vaz) = Au{y Vv s}
FH(BLV Ba) = BU{tn V o}
fH(@r) =AU {y}
fH(@2) = AU {4}
Thus, the corresponding labels fT o L of such nodes form the (V,,)-rule. Moreover, note that the wide
rules (1) and (e2) are needed when we reduce 1 to 2 such that fT(x1) = f*(x2)-

Consider the relation Z := {(t,t) | t € T}, UT.} where T, is the set of modal nodes, and T is the set of
choice nodes of Ty (anf(a))- To complete the proof, we have to show that Z is a bisimulation relation from
To(anf(a)) t0 WT (o). It is obvious that Z satisfies the root condition, prop condition, forth conditions
and back conditions. Therefore we only have to confirm the parity condition of Z. Let m be an infinite

branch of T (anf(a))- We divide the set of traces TR(7) of Ty (anf(a)) into two sets; TRy () consists of all
traces tr such that tr[n] € Sub; for every n € w, and TRz (7) consists of all traces tr such that tr[n] € Subs

for some n € w. Then f+ (TRy(m)) U fr (TRz(7)) is the set of all traces of WT ,(q) on 7. Since
Qo) (Bla)) = Qw(anf(a))(ﬁ(anf(a)l, ...,anf(a)g)) (mod 2)
for any B(anf(a)1,...,anf(a)r) € Suby, we have
(#) : TRy () includes an odd trace if and only if Fr (TRy (7)) includes an odd trace.
On the other hand, for any tr € TRy(m), from the construction of f¥, we have;
(V) : tr is odd if and only if fr (tr) includes an odd trace.

From (#) and (O), we have that TR(7) is even if and only if f+(TR(w)) is even, and so the parity
condition is indeed satisfied. Therefore, Part 5 of the Lemma is true. O

Corollary 5.27. Let a(x) be an automaton normal form in which x € Free(a(x)) appears only positively.
Set ¢ := anf(uz.a(x)). Then we have Tzz) — T5-
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~ ~ ~

Ta(e) WT a(uz.a(@)) Ta(uz.a(3)) WT uz.a@) Tu3.6(7) T3

Figure 8: The plan for the proof of the corollary.

Proof. This corollary is proved using four wide tableaux; Figure ] depicts the plan of the proof. First, we
have T5(5) = WT a(uz.a(z)) from Part 5 of Lemma[5.260 Second, take a narrow tableau Tg(.z.a(7)), then,
we have WT 5(.z.a(z)) — Ta(uz.a(z)) from Part 3 of Lemmal5.26l Third, we have T5(uz.a(z) = WT uz.a(z)
from Part 4 of Lemma[5.26l Fourth, take a narrow tableau 7,z a(z), then, we have WT ,z a(z) — Tuz.a(z);
again from Part 3 of Lemma Fifth, the equivalence 7,z 5z = 75 is trivial by the definition of {.
Finally, by applying Part 1 and 2 of Lemma [5.28 repeatedly, we obtain 755 — 75. O

6 Completeness

In this section, we prove the completeness of Koz. In Subsection [6.1] we give the concept of refutation and
show that every unsatisfiable formula has a refutation. We also introduce the concept of thin refutation
and exhibit Claim (f). In Subsection [6.2] we prove the completeness of Koz by proving Claim (h) and
(d), in that order.

6.1 Refutation

Definition 6.1 (Refutation). A well-named formula ¢ is given. Refutation rules for ¢ are defined as
the rules of tableau, but this time, we modify the set of rules by adding an explicit weakening rule:

T
a, I’

(Weak)

)

and, instead of the (V)-rule, we take the following (V. )-rule:

{e} U{V ¥y | n € Ny, }
VU, .. VUL,

(Vr)

where in the (Vy)-rule, we have 1 < k < ¢, ¢ € Ug, Ny, = {n € w |1 <n < i, n# k} and
ly,...,1; € Lit(p). Therefore the (V,)-rule has one premise.

A refutation for ¢ is a structure R, = (T,C,r, L) where (T,C,r) is a tree structure and L : T —
P(Sub(p)) is a label function satisfying the following clauses:

- L(r) = {¢}.

2. Every leaf is labeled by some inconsistent set of formulas.

—_

3. Let t € T. If L(¢) is modal and inconsistent, then ¢ has no child. Otherwise, if ¢ is labeled by the
set of formulas which fulfils the form of the conclusion of some refutation rules, then ¢ has children
which are labeled by the sets of formulas of premises of those refutation rules.

4. The rule (V,) can be applied to ¢ only if L(t) is modal.
5. For any infinite branch 7, 7 is odd (not even) in the sense of Definition
Lemma 6.2. Let ¢ be a well-named formula. If ¢ is not satisfiable, then there exists a refutation for .

Proof. From Lemmas and .10, we find that ¢ is not satisfiable if and only if Player 3 has the
memoryless winning strategy f3 for the tableau game TG(yp). If Player 3 has the memoryless the winning
strategy f3, then winning tree 7,|fs derived by f3 is a refutation for ¢. O

Definition 6.3 (Aconjunctive formula). Let ¢ be a well-named formula, and =<, be its dependency
order (recall Definition [Z4]). Then,
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e For any 1) € Sub(p) and = € Bound(yp), we say x is active in v if there exists y € Sub(1) NBound(y)
such that x <, y.

e A variable z € Bound(yp) is called aconjunctive if, for any a A 8 € Sub(p,(x)), x is active in at most
one of o or 5.

e ¢ is called aconjunctive if every x € Bound(ip) such that o, = u is aconjunctive.

Definition 6.4 (Thin refutation). Let R, be a refutation for some well-named formula ¢. We say
that R, is thin if, whenever a formula of the form a A 3 is reduced, some node of the refutation and
some variable is active in «a as well as 3, then at least one of a and 8 is immediately discarded by using
the (Weak)-rule.

From Definition [6.4] and Lemma [6.2] it is obvious that every unsatisfiable aconjunctive formula has a
thin refutation (without the (Weak)-rule). The following Theorem was first proved in Kozen [g] for
the refutation of an aconjunctive formula, and then extended in the following way in Walukiewicz [15].
We will omit its proof.

Theorem 6.5. Let ¢ be a well-named formula. If there exists a thin refutation for ¢, then ~ is probable
i Koz.

Corollary 6.6. Let @ be an automaton normal form. Then, we have
1. ¢ is aconjunctive.
2. If ¢ is not satisfiable, then b~ .

Proof. The first assertion of the Corollary is obvious from the observation of Remark (.13l For the second
assertion, suppose that @ is not satisfiable. Then, from Lemma [6.2] there exists a refutation for . Since
@ is aconjunctive, this refutation is thin and, thus, we have -~ @ from Theorem [G.5l O

In the next Lemma, we confirm that some compositions preserve aconjunctiveness.

Lemma 6.7 (Composition). Let ¢, ¥ and a(x) be aconjunctive formulas where x € Prop appears only
positively in a(x). Then ¢ A, alp) and vZ.aZ) are also aconjunctive.

Proof. We only prove the claim concerning «a(¢) and the other two claims are left as exercises for the
reader. As mentioned in Remark 2-TT] a(p) is an abbreviation of a(p1, ..., k) where ¢; with 1 <¢ < k
are appropriate renaming formulas of ¢. For our purpose, the following assertions are fundamental,

Bound(a(z)) N Bound(p;) =0 (1 <Vi<k) (13)
Bound(a(z)) NFree(p;) =0 (1 <Vi<k) (14)
Bound(p;) NBound(p;) =0 (1 <i,j <k,i#j) (15)

Let y € Bound(a(y)) be a variable such that o, = p. From (I3) and (1)), we have y € Bound(a(z))
or y € Bound(y;) for some i € w such that 1 < i < k. If y € Bound(a(x)), then from (4], for every
z € Bound(a(y)) such that y =, 2, we have z € Bound(a(z)). Hence, y is aconjunctive in a(y) if and
only if y is aconjunctive in a(z). By a similar argument, we can show that if y € Bound(y;), then y is
aconjunctive in a(yp) if and only if y is aconjunctive in ;. From the above argument and the assumptions
of the Lemma, we can assume that every bound variable y is aconjunctive in a(y) and thus a(p) is indeed
aconjunctive. O

6.2 Proof of completeness

Lemma 6.8. Let o be an aconjunctive formula, and @ be an automaton normal form. A tableau T, =
(Ta, Cay 7oy La) for a and a tableau T = (T5,Cp,75, Lg) for @ are given. If T3 is a tableau consequence
of Ta, then we can construct a thin refutation R for ah ~o (= ~(a — @)).

Proof. Let T, and T3 be the tableaux satisfying the condition of the Lemma. Then, there exists a tableau
consequence relation Z from 7 to 75. Now, we will construct a thin refutation R = (T, C,r, L) for aA~ &
inductively. To facilitate the construction, we define two correspondence functions Cor,, : T' — T, and
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Corg : T' — T. These functions are partial and, in every considered node ¢ of R, the following conditions
are satisfied:

L(#) = La(Cora(t) U {~ \/(La(Cors(1)) \ Top)} (16)

(Corqa(t), Cors(t)) € Z (17)

Of course, the root of R is labeled by {aA ~@} and its child, say to, is labeled by {«, ~@}. For the base
step, set Corq (tg) := 7o and Corz(to) := rg. Then, the Condition (I8]) and (I7) are indeed satisfied. The

remaining construction is divided into two cases; the second of which will be further divided into four
cases.

Inductive step I Suppose we have already constructed R up to a node ¢ where Cor, (t) and Corz(t) are
choice nodes of appropriate tableaux and satisfy Conditions (I6]) and (7). In this case, we prolong
R up to u so that:

Cory(u) is a modal node of T, near Cor, (t).

Corg(u) is a modal node of 75 near Corz(t).

Conditions (I6) and (7)) are satisfied in w.

TR[t, u] = TR[Corq(t), Corg (u)]U{(~V(Lz(t1) \ Top),--- ,~\(Lz(tx) \ Top))} wheret; -- -t €
Tg is the Cz-sequence starting at Corgz(t) and ending at Corg(u).

L

The idea of the prolonging procedure is represented in Figure[@l From ¢, we first apply the tableau

&

Cor,(t) t
Figure 9: The prolonging procedure for Inductive step I.

rules to the formulas of Sub(L,(Cor,(t))) in the same order as they were applied from Cor,/(t)
and its nearest modal nodes. Then, we obtain a finite tree rooted in ¢ which is isomorphic to
the section of 7, between Cor,(t) and its nearest modal nodes. Therefore, for each leaf ¢’ of
this section of R, we can take unique modal node t/, of 7, that is isomorphic to ¢'. Note that
L(t') = La(t,) U{~V(Lz(Corz(t)) \ Top)}. Now, the forth condition on the choice node of Z is
used. From (I7), we can find t; € T which is near Corg(t) and satisfies (¢;,,t3) € Z. Let us look
at the path from Corz(t) to t:a in 75. Since @ is an automaton normal form on this path only the
(V)-, (0)- and (Reg)-rules, and (A)-rules reducing ¢ A T; to {1, T;} may be applied first. Then, we
have zero or more applications of the (A)-rule. Let us apply dual rules to ~\/ Lz(Corz(t)) (note
that (Reg) and (o) are self-dual).

For an application of the (V)-rule in 73, we apply the (A)-rule followed by the (Weak)-rule to leave
only the conjunct which appears on the path to t:a. In this way, we ensure the resulting path of R
will be thin.

For an application of the (A)-rule reducing 1;/\ T, to {1;, T;} in T3, we apply the (V)-rule in R. Then,
we have two children, say v; and v such that L(v1) includes ~ 15 and L(vs) includes ~ T, = L.
Since L(vsz) is inconsistent, if we further prolong R from vs to its nearest modal nodes, such modal
nodes also labeled inconsistent set. This means that the modal nodes can be leaves of a refutation.
We therefore stop the prolonging procedure on such modal nodes.
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After these reductions, we get a node u which is labeled by La(t5) U{~ V(Lg(t5) \ Top)}. Setting
Cora(u) := t;, and Corg(u) := tj; establishes Conditions (I6) and (7). Condltlons 1 through 4
follow directly from the constructlon

Inductive step II Suppose we have already constructed R up to a node ¢ where Cor,(t) and Corz(t)
are modal nodes of appropriate tableaux and satisfy Conditions (I8l and (7). Note that, since @ is
an automaton normal form, we can put Lg(Corgz(t))\ Top = {VV,11,...,1l;} or Ls(Corg(t))\ Top =
{li,...,1;} where ly,...,l; € Lit(p). Moreover, observe that

~ | v A /\ Iy | =~vov \/ ~

1<k<i 1<k<i
EN((/\O\II)/\D(\/\I/))\/ lgkgile
=V O~ vo(/\mxy)v ~l,
Ppew 1<k<i

\/ (v{~v¢} v Vi) vv{(/\mlf

YET 1<k<i

N~—
E
<
<
9
£

Therefore, if we prolong R from ¢ up to its nearest modal nodes u by applying the (V)-rule repeat-
edly, the label of u can be categorized as one of following four cases:

(Case 1): L(u) = Lo(Cory(t)) U{~I;} for some k such that 1 <k <.
(Case 2): L(u) = Lo (Cory(t)) U {V0}.

(Case 3): L(u) = La(Cora(t)) U{v{~}} for some ¢ € ¥.

(Case 4): L(u) = Lo(Corg(t)) U{V{(A~T), T}}.

In every cases, it is possible that L, (Cor(t)) is inconsistent and, thus, L(u) is also inconsistent. If
this is so, all u can be a leaf of a refutation. Therefore, we stop the prolonging procedure on u in
this case. Now, we consider the case where L, (Cor,(t)) is consistent.

In Case 1, the prop condition is used; by Condition (7)), we have I, € L,(Cory(t)). Thus, L(u)
includes I and ~ 1. This means that L(u) is inconsistent and so u can be a leaf of a refutation.
We therefore stop the prolonging procedure on u in this case.

In Case 2, the back condition on modal nodes is used. Since Cz(Corz(t)) # 0, it must hold that
Cq(Cory(t)) # 0. Take v, € Co(Cory(t)) arbitrarily. We prolong R from u to v € C(u) in such a
way that L(v) = La(ve) U{\/0(= L)}. Since L(v) is inconsistent, if we further prolong R from
v to its nearest modal nodes, such modal nodes are also inconsistent. This means that the modal
nodes can be a leaves of a refutation. We therefore stop the prolonging procedure on such modal
nodes in this case.

In Case 3, the back condition on modal nodes is used. Let vg be a child of Corz(t) such that
Lg(vg) = {1}. Then, by Condition (IT7), we can find v, € Co(Cory(t)) such that (va,vs) € Z. We
create a new child v of u which is labeled by L (Corqa(ve))U{~1%}. Moreover, we set Cory(v) 1= vq
and Corg(v) := vg. This prolonging procedure preserves Conditions (I6) and (). Note that, in
this case, Cor, (v) and Corg(v) are choice nodes of appropriate tableaux.

In Case 4, the forth condition on modal nodes is used. The idea of the prolonging procedure is
represented in Figure[[0l Let L, (Corq(t)) = {VA1,..., VA, l1,...,1;}. In this case, we first create

a new child v of u such that
- {\/Al,...,\/Ai}U {/\N\p}.

From the choice node v, we further prolong R up to its nearest modal nodes ' so that

5. Corq(t') is a next modal node of Cory(?).
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Figure 10: The prolonging procedure for Case 4.

6. Corz(t') is a next modal node of Corz(t).

7. Condition (I8) and (I7) are satisfied in ¢'.

8. TRu,t'] = TRT[Cory(t), Cora (t)U{(V {(A~T), T}, A~T, ..., ~tp =~\/(Lz(t1)\Top), -+, ~
V(Lg(tk) \ Top))} where ty---t € Tg is the Cz-sequence starting at the child of Cors(t) la-
beled by {#} and ending at Corz(t’).

Next, we apply (V)-rules to \/ Ay repeatedly until we arrive at the node w such that

L(w) = {61} U {\/AQ,...,\/AZ} U {/\N\p}

where §; € A;. Note that there exists w, € C,(Cory(t)) such that

La(wa) = {030 {\/ Ao, \/ A}

From w, we apply the tableau rules to formulas of Sub(L,(w,)) in the same order as they were
applied from w, and its nearest modal nodes. Then, we obtain a finite tree rooted in w which is
isomorphic to the section of 7, between w, and nearest modal nodes. Therefore, for each leaf u’
of this section of R, we can take a unique modal node u/, of 7, which is isomorphic to u’. Note
that L(u') = La(ul,) U{A~T}. Since u), is a next modal node of Cor,(t), from Condition (I7)
and the forth condition on modal nodes, we can assume that there exists u'a which is a next modal
node of Corgz(t) and satisfies (ug,us;) € Z. We will now look at the path from Corg(t) to t7; in
75 and exploit (A)-rules and (Weak)-rules so that the trace tr on this path satisfies Condition 8.
Finally, we get a node ¢’ which is labeled by L (uy,) U {~\/ Lg(uj)}. Setting Cora(t) := uj, and
Corg(t') := u; establishes Conditions (I€]) and (7). Then, Conditions 5 through 8 follow directly

from the construction.

The above two procedures completely describe R. All the leaves are labeled by an inconsistent set.

Moreover, take an infinite branch 7 of R arbitrarily. Let 7, be the branch of 7, such that {n € w |
Cory (m) = ma[n]} is an infinite set. Let w5 be the branch of 75 such that {n € w | Corg(m) = mz[n]} is
an infinite set. For any trace tr € TR(7), we have tr[1] = aA~ @ and, tr[2] = « or tr[2] =~ @. TRy(7)
denotes the set of all the trace tr € TR(x) such that tr[2] = a. tro € TR(7) denotes the trace such that
tra[2] =~@. Then, from the construction of R, we have;

(T1) TR(r) = TRy () U {tra}.

32



(T2) TR (7) = TR (7,).
(T3) try is even if and only if 75 is odd.
(T4) 7, and 75 are associated with each other.

Above conditions imply that 7 is odd. Indeed, if 7, is odd, then, from (T2), 7 is also odd. If 7, is even,
then, from (T4), 75 is also even. Therefore, from (T3), try is odd. From (T1), we can assume that 7
is odd. R is also thin because « is aconjunctive and whenever we reduce a A-formula originated from
~ p, we leave only one conjunction and discard the other by applying (Weak)-rule. Therefore, R is a thin
refutation as required. O

Lemma 6.9 (Main lemma). For any well-named formula @, there exists a semantically equivalent
automaton normal form @ such that ¢ — @ is provable in Koz. Moreover, for any x € Free(p) which
occurs only positively in o, it hold that x € Free(Q) and x occurs only positively in Q.

Proof. We prove the lemma by the induction on the structure of ¢.
Case: ¢ € Lit. In this case, @ is just (.

Case: ¢ = oV 3. By the induction assumption, there exist automaton normal forms @ and ﬁ which are
equivalent to a and 3, respectively, such that H o — @ and - 8 — 6 Set p:=aVv 6 Then, we
have - a VvV 8 — .

Case: ¢ = VVW. This case is very similar to the previous one.

Case: ¢ = a A 3. By the induction assumption, there exist automaton normal forms & and ﬁ which are
equlvalent to a and f respectively, such that - o — @ and - g — ﬁ, thus, we have - a A — & /\5
Set @ := anf(a A ﬂ) Then, from Theorem B.I7, we have 7,5 = T3 and, thus, 75,5 = 75. On

the other hand, by Lemma [6.7, we can assume that a A B is aconjunctive. From Lemma [6.8 and
Theorem [6.5] we have - a A 8 — . Therefore, we have - a A 8 — @.

Case: ¢ =vay....veg.a(xy,...,2). By the induction assumption, we have an equivalent automaton
normal form @(z) of a(x) such that b «a(z) — a(x). Therefore, - vZ.a(¥) — vi.a(Z). Set
@ := anf(vZ.a(Z)). Then, from Theorem (.17 we have T, z. a@) = Tz and, thus, T,z s — T3. On
the other hand, by Lemma [6.7] we can assume that vZ.a(Z) is aconjunctwe From Lemma [6.8 and
Theorem [6.5] we have - vZ.a(Z) — . Therefore, - vZ.a(Z) — .

Case: ¢ = uxy....puxg.a(z1,...,2,). By the induction assumption, we have an equivalent automaton
normal form a@(z) of a(x) such that - a(x) — a(z). Therefore, - uZ.a(z) — pd.a(z). Set
o := anf(uz.a(z)). Then, from Corollary 5.27, we have T5(3) — Tz. On the other hand, by Lemma
[6.7, we can assume that a(<p) is aconjunctive. From Lemma[6.8 and Theorem [6.5 F (@) — @. By
applying the (Ind)-rule, we obtain - uZ.a(Z) — @. Thus, b pZ.a(Z) — ¢.

Hence, we have proved the Lemma for all cases. O

Theorem 6.10 (Completeness). For any formula ¢, if ¢ is not satisfiable, then ~ ¢ is provable in
Koz.

Proof. Let ¢ be an unsatisfiable formula. By Part 5 of Lemmal[2Z.9] we can construct a well-named formula
wnf(¢) such that
F o« wnf(p) (18)

On the other hand, from Lemma [6.9] there exists an automaton normal form (wnf(y))~ which is seman-
tically equivalent to wnf(y) and thus to ¢ such that

Fwnf(p) = (wnf(p))” (19)
Since (wnf(p))"~ is not satisfiable, by Corollary [6.6] we have
F (wnf(p))” — L (20)

Finally by combining Equations (I8]) through ([20) we obtain F ¢ — L as required. O
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