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Abstract

Probabilistic automata exhibit both probabilistic and non-deterministic choice. They are there-
fore a powerful semantic foundation for modeling concurrent systems with random phenomena
arising in many applications ranging from artificial intelligence, security, systems biology to per-
formance modeling. Several variations of bisimulation and simulation relations have proved to
be useful as means to abstract and compare different automata. This paper develops a taxonomy
of logical characterizations of these relations on image-finite and image-infinite probabilistic
automata.
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1. Introduction

Probabilistic automata (PAs) [1] feature both non-deterministic choice (as transition systems)
and probabilistic choice (as Markov chains). Thanks to this expressiveness, they form a central
model for distributed systems considered in, e.g., artificial intelligence, security, and the analysis
of network protocols.

As in the setting of transition systems, bisimulation and simulation relations are means to
compare the behavior of probabilistic automata [2, 3, 1]. The notable difference of PAs to tran-
sition systems is that a transition from some states leads to a sucessor distributionµ over states
instead of just a single successor state. A successor distributionµ gives the probabilityµ(s′) of
entering successor states′. This probabilistic transition structure is reflected in the definition of
simulation. A binary relationR is a simulation relation if, for all (s, t) ∈ R, t can mimic all step-
wise behavior ofswith respect toR. Intuitively, this means that every distributionµ leaving state
swith labela has a distributionµ′ leaving statet with the same labela such that the distributions
µ andµ′ are related: relations between distributions are established byweight functions[3]. The
largest simulation preorder- is the union of all simulation relationsR. This notion of simulation
for PAs is a conservative extension of simulation for transition systems; the latter corresponds to
the special case where onlyDirac distributions (µ(s′) = 1 for some states′) are considered.

Probabilistic simulation [1], on the other hand, is a variation of simulation specific to the
probabilistic world where a statet simulates a states if and only if, for every transition leaving
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s, there is a correspondingconvex combinationof transitions leavingt. This condition is more
relaxed because a transition ofscan be matched by combining several transitions fromt.

Strongly related to the concept of simulation are bisimulations. A bisimulation (∼) relates
states that behave in the same way, i.e., two states are in relation if they can mimic each other’s
stepwise behavior. As for simulations, this definition can also be relaxed to convex combinations
of transitions, obtaining so-called probabilistic bisimulation [1].

Both simulation and bisimulation have various applications. Simulation relations can be used
to prove the correctness of abstraction techniques in probabilistic model checking [4, 5, 6, 7].
Simulation can also be used to verify security protocols [8]. Bisimulation is the foundation of
state-aggregation algorithms [9, 10] that compress models by merging bisimilar states. State
aggregation is routinely used as a preprocessing step before model checking. In general, simula-
tion and bisimulation are very useful concepts of high practical and theoretical importance since
they preserve important classes of temporal properties expressible in quantitative logics such as
PCTL [11, 12] and CSL [13, 14].

This paper considers simulations, probabilistic simulations, bisimulations, and probabilistic
bisimulations. We study logical characterizations, the connecting link of these relations with
the logics in which temporal properties are expressed. A logic characterizes a relation if two
conditions hold: (i) soundness: the validity of logical formulas is preserved by the relation,
and (ii ) completeness: the logic is as expressive as the relation. So, a sound and complete
characterization of, say, bisimulation means that two states are bisimilar if and only if they are
equivalent with respect to the logic, i.e., they satisfy the same formulas.

If a logic does not characterize a bisimulation completely, this means that logically equivalent
states may not be bisimilar. On the other hand, unsound characterization means that bisimilar
states are distinguishable by the logic. Analogously, a logic characterizes a simulation preorder
if a state simulates another state if and only if the simulating state fulfills all formulas fulfilled
by the simulated state. Intuitively, soundness of a characterization guarantees preservation of
properties. Soundness and completeness together guarantee that the considered relation is the
coarsest relation guaranteeing preservation.

Our focus is on logical characterization for probabilistic automata. Parma and Segala [15]
solved this characterization problem for strong (probabilistic) bisimulations. Technically, they
extended the Hennessy-Milner logic of Larsen and Skou [2] with distribution semantics, which
then enables a sound and complete characterization of bisimulation and probabilistic bisimula-
tion for image-finite probabilistic automata.

The Challenge.We continue and significantly extend the line of work on logical characterization
by Parma and Segala [15] along two major dimensions:

• we study both simulation and bisimulation relations, instead of only bisimulations as
in [15].

• we consider image-infinite PAs, i.e. infinite non-determinism between transitions with the
same action label. Image infiniteness arises, for instance, when modeling systems reading
inputs from an unbounded value domain, or if transition probabilities are only known up
to a certain confidence interval due to uncertainties in estimation or measurement [16].

Parma and Segala [15] considered image-finite PAs. They proved soundness and completeness
based onbisimulation up to n, denoted by∼n, as for labeled transition system [17]. The inter-
section∩n ∼n induces another relation∼ω : s∼ω t iff s∼n t for all n ∈ N. For image-finite PAs,
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∼ω and∼ coincide, and thus both the soundness and the completeness proof can be carried out
by induction onn. However, for image-infinite PAs, this, unfortunately, does not hold anymore:
relation∼ω is strictly coarser than∼ for image-infinite PAs. Therefore different proof techniques
are needed, which are sketched in the next paragraph, along with our contributions.

Contribution. This paper provides a complete taxonomy of the logical characterization of sim-
ulation and bisimulation on PAs. We give the first logical characterizations for image-infinite
PAs:

• The first contribution of this paper is the alternative definition of simulation and bisimula-
tion relations by a fixpoint characterization giving us insight into why∼ and∼ω coincide
for image-finite PAs and differ for image-infinite PAs. Using the fixpoint-based definition,
we are able to prove, in a uniform and concise way, the respective results for simulations,
probabilistic simulations, bisimulations and probabilistic bisimulations.

• For image-infinite PAs, we give logical characterization results for both∼ and∼ω. We
show that the logicL introduced in [15] is even rich enough to characterize∼ for image-
infinite PAs. The proof in [15] exploits properties of simulation relation∼ω which do not
fit with relation∼ on image-infinite PAs. To this end, we develop a new proof strategy for
the soundness and completeness proof of∼. To characterize∼ω we prove that a fragment
of the same logic, where formulas are of finite depth, is sufficient: the proof then proceeds
by induction onn similar to [15] for image-finite PAs.

• For simulations, it turns out that a characterization proof along the lines of bisimulation,
where formulas characterize equivalence classes, leads to a logic with uncountable con-
junction. To avoid this, we employ an alternative but equivalent definition of simulation
relations based on upwards-closed sets. The alternative definition enables us to prove that
the negation-free sub-logic restricted to finite depth formulas characterizes the iteratively-
defined simulation (-ω) for image-infinite PAs. For the co-inductive simulation relation
(-), we show that the negation-free sub-logic characterizes simulation.

• We also prove that, for image-finite PAs, binary conjunction is sufficient to characterize
simulation and bisimulation relations. This finding extends results of [18, 19] where binary
conjunction is shown to be sufficient for LMPs. Moreover, we extend all of the results to
characterize probabilistic bisimulation and probabilistic simulation relations.

Outline. The paper is structured as follows: Section 2 gives the basic mathematical background,
and Section 3 introduces simulation and bisimulation relations by fixpoint characterizations. In
Section 4 we present an extension of the Hennessy-Milner logic for PAs. Logical characteriza-
tions for simulations and bisimulations are in Section 5 and Section 6 respectively. Section 7
discusses related works, and the paper is concluded by Section 8.

2. Preliminaries

In this section, we recall basic concepts like distributions, relations and well-known re-
sults from lattice theory. The lattice-theoretical notions admit an elegant treatment of infinite
branching in connection with simulation and bisimulation relations over probabilistic automata
(in Section 3).
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Relation. Let S be a set. For a binary relationR⊆ S×S, we writes R tif ( s, t) ∈ R. A preorder
relation R is a reflexive and transitive relation. Apartial order R is a reflexive, antisymmetric
and transitive relation. IfR is a partial order, the pair (S,R) is called a partially ordered set,
or poset for short. Anequivalence relationis a reflexive, symmetric and transitive relation. An
equivalence relationRpartitions a setS into equivalence classes. Fors ∈ S, we use [s]R to denote
the unique equivalence class containings. We drop the subscriptR if the relation considered is
clear from the context.

Thekernel≡R of a preorder relationR is the largest equivalence relation contained inR. Let
R(s) denote the set{s′ | (s, s′) ∈ R}, andR(A) = ∪s∈AR(s) for A ⊆ S. A setA is upwards R-closed
if it holds thatR(s) ⊆ A for all s ∈ A.

Complete Lattice.Let P be a set and≤ ⊆ P × P a binary relation such that the pair (P,≤) is a
partially ordered set. For a subsetP′ ⊆ P, a lower boundis an elementa ∈ P that is smaller than
all elements ofP′, i.e., for alla′ ∈ P′, a ≤ a′. An elementa ∈ P is aninfimum(or greatest lower
bound) ofP′ if it is a lower bound ofP′ and all lower boundsa† ∈ P of P′ fulfill a† ≤ a. Similarly,
anupper boundof P′ is an element that is greater than all elements ofP′, and asupremumis a
least upper bound ofP′.

Let (L,≤) be a partially ordered set. The pair (L,≤) is a (complete) lattice if each subset ofL
has both an infimum and a supremum inL. We use meet and join operators

�
,
⊔

: 2L → L to
denote these infima and suprema respectively. For a given subsetL′ ⊆ L, the infimum is denoted
by
�

L′ and the supremum by
⊔

L′.
Let S be a countable set. The power set ofS × S forms a complete lattice with set inclusion

⊆ as a partial order, and intersection as a meet
�
=
⋂

and union
⊔
=
⋃

as a join operator
respectively.

For a monotone functionf : L → L over a lattice (L,≤), Tarski’s theorem [20] guarantees
existence of least and greatest fixpoints,lfp f andgfp f respectively. Letx ∈ L. If f (x) ≤ x,
elementx is called apre-fixpoint. If x ≤ f (x), elementx is called apost-fixpoint. The theorem
guarantees thatFix( f ) = {x ∈ L | f (x) = x} is a lattice and that least and greatest fixpoint are
given by the least pre-fixpoint and greatest post-fixpoint respectively:

lfp( f ) =
�

Fix( f ) =
�
{x ∈ L | f (x) ≤ x}

gfp( f ) =
⊔

Fix( f ) =
⊔
{x ∈ L | f (x) ≥ x} .

As a shorthand notation we denote
⊔{li | i ∈ N} by

⊔
i∈N li , and

�{li | i ∈ N} by
�

i∈N li . Then,
f is calledcontinuousif, for all increasing sequencesl0, l1, . . . (i.e., li ≤ li+1 for all i ∈ N) in
the latticeL, we have f (

⊔
i∈N li) =

⊔
i∈N f (li). Likewise, f is calledco-continuousif, for all

decreasing sequencesl0, l1, . . . (i.e., such thatli+1 ≤ li for all i ∈ N) in the latticeL, we have
f (
�

i∈N li) =
�

i∈N f (li).

Distribution. A distribution over S is a functionµ : S→ R≥0 such that
∑

s∈S µ(s) = 1. We
let µ(A) denote the sum

∑
s∈A µ(s) for all A ⊆ S. The support of µ is defined as the set

Supp(µ) := {s | µ(s) > 0}. Denote byDist(S) the set of discrete probability distributions over
S and, given an elements ∈ S, denote byδs theDirac distributionon s that assigns probability 1
to s, i.e.,δs(s) = 1. Given a countable set of distributions{µi}i∈I and a multi-set{pi}i∈I of weights
from the interval [0, 1] such that

∑
i∈I pi = 1, we define theconvex combination

∑
i∈I piµi of the

distributions{µi}i∈I as the probability distributionµ such that, for eachs ∈ S, µ(s) =
∑

i∈I piµi(s).
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3. Simulation and Bisimulation for Probabilistic Automata

In this section, we recall the definition of probabilistic automata. Further, we review the
notions of simulations and bisimulations for them, and also probabilistic simulations and bisim-
ulations [21, 2, 22].

As mentioned in the introduction, we introduce two kinds of simulation: the co-inductive
(-) and the iteratively-defined variant (-ω). For simulations, it has been proved that- and-ω
coincide for image-finite PAs. We will make use of this result and the corresponding results
for probabilistic simulations and bisimulations. To this end, we provide an alternative way of
defining bisimulation and simulation relations in terms of greatest fixpoints of suitable functions,
just like in the setting of labeled transition systems [23]. We then use the alternative fixpoint-
based definition to characterize (probabilistic) simulations and (probabilistic) bisimulations.

3.1. Probabilistic Automata

We first recall the definition of probabilistic automaton [21], or PA for short.

Definition 3.1. A probabilistic automatonis a tripleM = (S,Act,Steps), where S is a countable
set ofstates, Act is a countable set ofactions, and the relation Steps⊆ S × Act× Dist(S) is the
transition relation.

Obviously, PAs comprise labeled transition systems (LTS) for the special case that for all
(s, a, µ) ∈ Steps, µ is a Dirac distribution.

We denote a transition (s, a, µ) ∈ Stepsby s
a−−→ µ. We refer to the distributions leaving a

states by actiona as ana-distribution ofs. We denote the set ofa-distributions of a states by

Stepsa(s) = {µ | s a−−→ µ}. We say thatM is image-finite(resp. image-infinite) if for alls ∈ S
anda ∈ Act, the setStepsa(s) is finite (resp. countable). We remark that image finiteness does
not necessarily mean that the number of states reachable with one transition is finite, as there
may be infinitely many labels. In the rest of the paper, we prove results with and without the
assumption of image-finiteness and we use the word “image-infinite” with the meaning “not
necessarily image-finite”, i.e., all PAs.

Let {s a−−→ µi}i∈I be a set of transitions, and let{pi}i∈I be a multi-set of probabilities such
that
∑

i∈I pi = 1. Then the triple (s, a,
∑

i∈I piµi) is called acombined transitionand is denoted by
s

a
; µ, whereµ =

∑
i∈I piµi .

3.2. Weight Function

We recall the notion ofweight functions(as proposed by [3, 21]), which are used to lift
relations betweenS to relations between probability distributions onS.

Definition 3.2. Let R⊆ S × S be any relation. Thelifting of relation R is a binary relation over
distributions such thatµ R µ′ iff there exists aweight function∆ : S × S −−→ [0, 1] with respect
to R such that the followinglifting conditionshold:

• ∆(s, s′) > 0 implies s R s′ for all s, s′ ∈ S ,

• µ(s) =
∑

s′∈S ∆(s, s′) for all s ∈ S , and

• µ′(s′) = ∑s∈S ∆(s, s′) for all s′ ∈ S .
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If R ⊆ R′, then,µ R µ′ implies thatµ R′ µ′ (with the same weight function). Moreover, if
the relationR is symmetric, it holds thatµ R µ′ iff µ′ R µ. Below we recall some useful lemmas
related to weight functions.

Lemma 3.1. Letµ, µ′ be distributions on Dist(S), and let R⊆ S × S . Then, it holds:

(a) [5] Let R be a preorder on S . Then,µ Rµ′ iff µ(U) ≤ µ′(U) for each upwards R-closed set
U ⊆ S .

(b) [24, 25]µ R µ′ iff µ(U) ≤ µ′(R(U)) for each set U⊆ S .
(c) [25] µ R µ′ iff µ(U) ≤ µ′(R(U)) for each set U⊆ Supp(µ).

This lemma provides another way of characterizingµ R µ′. If R is a preorder,U is R-closed
implies thatR(U) = U. Thus, in this case (a) and (b) trivially coincide. The characterization (b)
is introduced in [24] for a more general class of models with continuous state space. The last
characterization is a simplification of (b). With Lemma 3.1, it is easy to prove that for equivalence
relationR, µ R µ′ is equivalent to thatµ andµ′ agree on each equivalence class:

Lemma 3.2. Let R be an equivalence relation on S , andµ, µ′ be distributions in Dist(S). Then,
µ R µ′ iff µ(C) = µ′(C) for each equivalence class C of R.

Proof. Assumeµ R µ′ and letC ∈ S/R. By Lemma 3.1 (C is upwardsR-closed),µ(C) ≤ µ′(C)
holds. Exploiting the symmetry ofR we haveµ′ R µ, which impliesµ′(C) ≤ µ(C), thusµ(C) =
µ(C′). The other direction follows directly as each upwardsR-closed set is a union of equivalence
classes.

The following lemma shows that for a non-increasing sequence of relations{Ri}i∈I and a
converging sequence of distributionsµ′i , if µ Ri µ

′
i for all i, the limit distributionµ′ = lim µ′i is

related withµ by the intersectionR= ∩i∈JRi of these relations.

Lemma 3.3. Let S be a countable set. Let J⊆ N be an infinite set of indices. Let{Ri}i∈J be
an infinite sequence of decreasing relations on S , i.e., Ri+1 ⊆ Ri for all i ∈ J. Let R= ∩i∈JRi.
Moreover, letµ, µ′, µ′i ∈ Dist(S) for all i ∈ J. Assume that{µ′i }i∈J converges toµ′ point-wise: for
all s ∈ S , it holdslim i∈J µ′i (s) = µ

′(s). Then,

∀i ∈ J. (µ Ri µ
′
i )⇒ µ R µ′

Proof. Let A ⊆ Supp(µ). By assumption for alli ∈ N, it holds:

µ(A) ≤ µ′(Ri(A)) = µ′(∩i
k=1Rk(A)) (1)

Obviously, limi→∞ ∩i
k=1Rk(A) = R(A). Taking the limit i → ∞ on both side of Equation (1)

implies thatµ(A) ≤ µ′(R(A)) with R= ∩∞i=1Ri .

The above lemma was used to show that simulation agrees with simulation up to alln [26]
for image-finite PAs (cf. Lemma 3.5). It is interesting to note that with Lemma 3.1, the proof
is very straightforward. The proof in [26] is rather technical: It involves the construction of a
weight function out of infinitely many existing weight functions (with respect toµ Ri µ

′
i ).
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3.3. Simulation

We now review the notions of simulation, and bisimulation in terms of suitable monotone
functions over the power set lattice (with set inclusion as a partial order).

We begin with simulation and consider the functionF- defined as follows:

F- : 2S×S → 2S×S,R 7→ {(s, t) ∈ S × S | ∀s
a−−→ µ ∃t a−−→ µ′ : µ R µ′} . (2)

Intuitively, F-(R) contains all pairs of states (s, s′) such that each transitions
a−−→ µ can be

matched by a corresponding transitiont
a−−→ µ′ with respect to the relationR. We call F- the

simulation function.

Definition 3.3. We say that a relation R∈ 2S×S is a simulation relationif R is a post-fixpoint of
F-, i.e. R⊆ F-(R).

The greatest simulation preorder- is defined as the greatest fixpoint ofF-. It holds that
s - t if there exists a simulationR with (s, t) ∈ R. FunctionF- is monotone. Recall that
Tarski’s fixpoint theorem [20] says that the fixpoints of a monotone function form a complete
lattice and that the greatest fixpoint is the union of all post-fixpoints. This guarantees that- is
well-defined and forms the greatest simulation relation, i.e. the union of all simulation relations.
The following lemma shows that for image-finite PAs,F- is co-continuous:

Lemma 3.4. LetM = (S,Act,Steps) be an image-finite PA, and let the function F- as defined
in (2). Then, F- is co-continuous.

Proof. Let l0, l1, . . . be a decreasing sequence in the power set lattice. We need to show that

F-
(⋂

k∈N lk
)
=
⋂

k∈N F-(lk). First, let (s, t) ∈ F-
(⋂

k∈N lk
)
. By definition, for alls

a−−→ µ, there

existst
a−−→ µ′ such thatµ R µ′ with R =

⋂
k∈N lk. Observe thatR ⊆ lk for all k ∈ N, thusµ lk µ′

for all k ∈ N. This implies that (s, t) ∈ F-(lk) for all i ∈ N, thus (s, t) ∈ ⋂k∈N F-(lk).
For the other direction let (s, t) ∈ ⋂k∈N F-(lk), implying that (s, t) ∈ F-(lk) for all k ∈ N.

Thus, for alls
a−−→ µ, there existst

a−−→ µ′k such thatµ lk µ′k (let ∆k be the corresponding weight
function) for all k ∈ N. For image-finite PAs the Pigeonhole principle applies, and there must
existµ′ ∈ Stepsa(t) such thatµ′k = µ

′ for infinitely manyk ∈ K, i.e.,µ′ = limk∈K µ′k. Sincelk is
decreasing, by Lemma 3.3, we haveµ R µ′ for R=

⋂
k∈K lk implying (s, t) ∈ F-

(⋂
k∈N lk

)
.

Hennessy and Milner coined the term “simulation up ton” [17] for the following iterative
sequence:-0 = S × S, and-n = F-(-n−1) = (F-)n(S × S) for n > 0. Taking the intersection
over all simulations up ton, we define theω-simulation relation-ω =

⋂
n∈N -n where we let

(F-)0(S × S) = S × S.
Sequence-n is a special case of Kleene iteration, which, under certain conditions, converges

to the greatest fixpoint ofF-, in which case the largest simulation coincides withω-simulation.
This holds for finite PAs where additionally the sequence-n eventually stabilizes, which leads
to an iterative algorithm [27] to compute the largest simulation (and also the largest bisimulation
with a different function). In the following, we scrutinize the somewhat more intricate relation-
ship betweenω-simulation relationand simulation in the more general setting of infinite PAs
with finite and infinite branching respectively.

First, we prove that-ω and- coincide for image-finite PAs exploiting thatF- is co-continuous.
This result has already been established in [26, Lemma 3.7.6]. We restate it here, as it will be
used to establish an corresponding result for probabilistic simulation relations.
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Lemma 3.5. LetM = (S,Act,Steps) be an image-finite PA. Then,-ω = -.

Proof. One can show- ⊆ -n by induction onn. Thus,- ⊆ -ω= ∩n -n. SinceM is image-finite
by assumption, applying Lemma 3.4, we get thatF- is co-continuous, which implies that-ω is
a fixpoint:

F-(-ω) = F-


⋂
n∈N

(F-)n(S × S)

 =
⋂
n∈N

(F-)n+1(S × S) =-ω

and, because of- ⊆ -ω, it must be the greatest fixpoint.

Lemma 3.5 guarantees that Kleene iteration converges to the greatest fixpoint. This is a gen-
eralization of a similar result for image-finite labeled transitions systems, where the simulation
function can also be shown to be co-continuous implying that- = -ω [23]. In general,F- is not
co-continuous for image-infinite PAs, and in that case, relation-ω may neither be a simulation
nor a fixpoint ofF-, as illustrated by the following simple example:

Example 3.1. Figure 1 shows an image-infinite PA with S= {s, t, t0, t1, t2, . . . }. Initially, we
have-0 = S × S . The absorbing state t0 has no out-going transitions. So, by removing pairs
(u, t0) with u , t0 from -0, we subsequently obtain-1 = -0 \ {(u, t0) | u , t0}. In the
next step, we get the relation-2 = -1 \ ({(ti , t1) | i > 1} ∪ {(s, t1), (t, t1)}) because t1 leads di-
rectly to t0 which cannot simulate successor states of ti with i > 1 up to -1. Thus we have
-i+1 = -i \ ({(t j , ti) | j > i} ∪ {(s, ti), (t, ti)}). In the limit, we get the relation

-ω = {(u, v) | v ∈ {s, t}} ∪ {(ti , t j) | i ≤ j} .
Notably,-ω is not a simulation (and thus also cannot be a fixpoint):(t, s) < F-(-ω) because t
can go back to t while scannotgo to any state s′ such that t-ω s′. We note that- = -ω \ {(t, s)}
and thus-ω is clearly coarser.

s

t0

a

t1

a

t0

a

t2

a

t1

a

t0

a

b b b

t

a

t0

a

t1

a

t0

a

t2

a

t1

a

t0

a

b b b

Figure 1: Relations- and-ω do not coincide for image-infinite PAs.

Example 3.1 shows that-ω and- do not generally coincide in presence of infinite branching.
We observe that- and-ω-simulation relations are not necessarily symmetric, as illustrated

below.

Example 3.2. Consider the PA depicted in Figure 2. Obviously, we have s- s′ and s-ω s′.
However, the other direction can not be established, i.e., s′ 6- s: since the middle transition out
of s′ can not be simulated by any transition out of s. Similarly, it holds: s′ 6-ω s.

8



s

a

s1

1
3

s2

2
3

a

s1

2
3

s2

1
3

s′

a

s1

1
3

s2

2
3

a

s1

1
2

s2

1
2

a

s1

2
3

s2

1
3

Figure 2: PA illustrating simulation

3.4. Probabilistic Simulation

Probabilistic simulation is defined in the same way by replacing transitions with combined
transitions so that the greatest probabilistic simulation is the greatest fixpoint of the function:

F-p : 2S×S → 2S×S,R 7→ {(s, t) ∈ S × S | ∀s
a−−→ µ ∃t a

; µ′ : µ Rµ′} . (3)

A relationR⊆ S × S is a probabilistic simulation if it is a post-fixpoint ofF-p. The greatest
probabilistic simulation preorder-p is defined as the greatest fixpoint ofF-p. Similar to plain
simulation, we define theprobabilisticω-simulationby -p

ω=
⋂

n∈N(F-p)n(S × S). Then, in gen-
eral, it only holds that-p ⊆ -p

ω, and, as for simulations, we can show that-p and-p
ω coincide for

image-finite PAs. The proof is, however, more complicated because of combined transitions. As
a preparation for this proof, the following lemma shows that an infinite sequence of combined
transitions contains at least a subsequence admitting a limit distribution, which corresponds to a
combined transition. A similar result is shown in [28].

Lemma 3.6. LetM = (S,Act,Steps) be an image-finite PA. Moreover, let s∈ S , and let
{s a

; µk}k∈I be an infinite sequence of combined transitions, where I⊆ N is an infinite set of
indices. Then there exists a subset J⊆ I such thatµ = limk∈J µk and s

a
; µ.

Proof. Let Stepsa(s) = {µ′1, . . . , µ′m}. Letµk =
∑m

j=1 qk, jµ
′
j with

∑m
j=1 qk, j = 1 for eachk ∈ I . Con-

sider the infinite sequence (qk,1)k∈I . Sinceqk,1 ∈ [0, 1] is bounded, there must exist an infinite in-
dex setJ1 ⊆ I such that the subsequence (qk,1)k∈J1 is convergent. Inductively, form> 1, we have
an infinite index setJ := Jm ⊆ Jm−1 ⊆ . . . J1 such that (qk,i)k∈Ji is convergent fori = 1, 2, . . . ,m.
We defineµ by µ(s) = limk∈J µk(s) for all s ∈ S. For each 1≤ j ≤ m, let qj = limk∈J qk, j. Then,

µ(s) = lim
k∈J

µk(s) = lim
k∈J


m∑
j=1

qk, jµ
′
i (s)

 =
m∑
j=1

(
lim
k∈J

qk, j

)
· µ′i (s) =

m∑
j=1

qjµ
′
i (s)

implying thatµ =
∑m

j=1 qjµ
′
j , implying further thatµ is a combined transition:s

a
; µ.

Now we show that-p
ω = -p for image-finite PAs. The Pigeonhole principle of Lemma 3.4

does not apply because of infinitely many combined transitions. This is remedied by exploiting
the previous lemma.

Lemma 3.7. LetM = (S,Act,Steps) be an image-finite PA, and let the function F-p as defined
in (3). Then, F-p is co-continuous. Moreover,-p

ω = -p.

9



Proof. To show thatF-p is co-continuous, letl0, l1, . . . with lk ⊆ S×S andlk+1 ⊆ lk for all k ∈ N.
We show thatF-p

(⋂
k∈N lk

)
=
⋂

k∈N F-p(lk). The directionF-p
(⋂

k∈N lk
) ⊆ ⋂k∈N F-p(lk) can be

obtained as in the proof of Lemma 3.4 by using the combined transitions. For the other direction,
let (s, t) ∈ ⋂n∈N F-p(lk), which implies that (s, t) ∈ F-p(lk) for all k ∈ N. By definition ofF-p,

for all s
a−−→ µ, there existst

a
; µ′k such thatµ lk µ′k for all k ∈ N. By Lemma 3.6, there exists a

subsequence{µ′k}k∈J such thatµ′ := limk∈J µ′k exists, and moreover,t
a
; µ′. By Lemma 3.3, we

haveµ R µ′ for R =
⋂

k∈N lk. The co-continuity property implies then-p
ω = -p (cf. the proof of

Lemma 3.5).

By definition,-p and-p
ω are coarser than- and-ω, respectively. It is easy to see that the

inclusion is strict. To see that, let us again consider statess ands′ in the PA of Figure 2. We
haves′ 6- s, due to the middle transition leavings′ (Example 3.2), ands′ -p s, since the middle
transition can be simulated by combining the two transitions (each with probability 0.5) out ofs.

The following example shows that, as simulation, probabilistic simulation is also not neces-
sarily symmetric.

s

a

s1

5
12

s2

7
12

a

s1

7
18

s2

11
18

s′

a

s1

1
2

s2

1
2

a

s1

1
3

s2

2
3

Figure 3: PA illustrating probabilistic simulation

Example 3.3. Consider the PA depicted in Figure 3. It holds that s-p s′: the left transition out
of s can be expressed by taking the two transitions out of s′ with equal probabilities, and the right
transition out of s can be expressed by taking weights1

3 and 2
3 of the two transitions respectively.

States s′, s are not in the probabilistic simulation relation (s′ 6-p s), since both transitions out of
s reach s1 with probability strictly less than12, and there is no way to combine them to simulate
the left transition out of s′.

3.5. Bisimulation

Bisimulations are also defined co-inductively in terms of greatest fixpoints. The correspond-
ing function is a symmetric variation of the function for simulation:

F∼ : 2S×S → 2S×S,R 7→
(s, t) ∈ S × S

∣∣∣∣∣∣∣
∀s

a−−→ µ ∃t a−−→ µ′ : µ R µ′

∀t a−−→ µ′ ∃s
a−−→ µ : µ R µ′



Definition 3.4. We say that a relation R∈ 2S×S is a bisimulation relationif R is a post-fixpoint
of F∼, i.e. R⊆ F∼(R).

The greatest bisimulation∼ is defined as the greatest fixpointgfp F∼, which is an equivalence
relation. Analogous to simulation, we defineω-bisimulation∼ω= ⋂n∈N(F∼)n(S × S) iteratively
and, analogous to simulation,∼ and∼ω coincide for image-finite PAs:

10



Lemma 3.8. LetM = (S,Act,Steps) be an image-finite PA. Then, function F∼ is co-continuous.
Moreover,∼ω = ∼.

Adapting the proofs of Lemma 3.4 and Lemma 3.5 to the above lemma is routine. Again,
Lemma 3.8 does not hold for image-infinite PAs. Consider for instance Example 3.1, in which
(s, t) ∈ ∼ω but (s, t) < ∼.

Bisimulation can be expressed in terms of simulation. The following lemma shows thatR is
a bisimulation relation if and only if bothRandR−1 are simulation relations:

Lemma 3.9. Let R∈ 2S×S be a relation. Then, R⊆ F∼(R) iff R⊆ F-(R) and R−1 ⊆ F-(R−1).

Proof. Let us assumeR ⊆ F∼(R), which impliesR ⊆ F-(R) directly. Let (t, s) ∈ R−1, i.e.,

(s, t) ∈ R⊆ F∼(R). By definition of F∼, for all t
a−−→ µ′ there existss

a−−→ µ with µ R µ′, thus
we haveµ′ R−1 µ, implying (t, s) ∈ F-(R−1). For the other direction assumeR ⊆ F-(R) and

R−1 ⊆ F-(R−1) and let (s, t) ∈ R. Firstly, (s, t) ∈ F-(R) implies that for allt
a−−→ µ′ there exists

s
a−−→ µ with µ R µ′. Moreover, (t, s) ∈ R−1, so (t, s) ∈ F-(R−1) which implies that for allt

a−−→ µ′

there existss
a−−→ µ with µ′ R−1 µ. Thus, (s, t) ∈ F∼(R).

The previous lemma says thatR is a bisimulation ifR andR−1 are simulations. The same
statement holds for LTSs [29]: this is of no surprise as our PAs subsume LTSs. Usually bisimu-
lations are required to be equivalences in the probabilistic setting [2, 21], in which case the above
lemma does not hold anymore. As in [30], our definition of bisimulation does not requireR to
be an equivalence relation.

3.6. Probabilistic Bisimulation

The functionF∼p for probabilistic bisimulation is defined analogously, however using com-
bined transitions:

F∼p : 2S×S → 2S×S,R 7→
(s, t) ∈ S × S

∣∣∣∣∣∣∣
∀s

a−−→ µ ∃t a
; µ′ : µ R µ′

∀t a−−→ µ′ ∃s
a
; µ : µ R µ′


A relationR ⊆ S × S is a probabilistic bisimulation if it is a post-fixpoint ofF∼p. The greatest
bisimulation∼p is defined as the greatest fixpointgfp F∼p. It is easy to see that∼ is an equivalence
relation. Moreover, define probabilisticω-bisimulation by∼p

ω =
⋂

n∈N(F∼p)n(S × S): it holds
∼p ⊆ ∼p

ω in general, and they coincide for image-finite PAs:

Lemma 3.10. LetM = (S,Act,Steps) be an image-finite PA. Then, the function F∼p is co-
continuous. Moreover,∼p

ω = ∼p.

The proof follows along the line of the proof of Lemma 3.7 and is skipped.
For probabilistic systems, the maximal (or minimal) probability of reaching a certain set of

states is of great interest [31]. It is well known that both bisimulation and probabilistic bisimula-
tion preserve this class of properties. Being strictly coarser than simple bisimulation, probabilis-
tic bisimulation would lead to a smaller quotient in state aggregation. On the other hand, while
both kinds of bisimulation can be decided in polynomial time [27, 32], decision procedures for
probabilistic bisimulation are more expensive than the ones for bisimulation.

11



4. Logics

In this section we introduce the logic which will be used to characterize both (bi-)simulations
and probabilistic (bi-)simulations. It is a probabilistic extension of Hennessy-Milner logic [17]
with the probabilistic modal operator [ϕ]p and consists of the following set of formulas:

ϕ ::= > | ¬ϕ |
∧
i∈I
ϕi | 〈a〉ϕ | [ϕ]p

wherep ∈ [0, 1], I is a countable index set anda ∈ Act. We shall use disjunctions which are
expressible as

∨
i∈I ϕi := ¬(

∧
i∈I ϕi). The logic allows infinite conjunction (over the countable

index setI ) and is necessary for characterizing bisimulation for image-infinite PAs. The above
logic is introduced in [15] to characterize (probabilistic) bisimulations for image-finite PAs.

Rather than in terms of single states, the semantics of the logic is given in terms of probability
distributions to account for the specifics of probabilistic automata. Intuitively, a distributionµ
satisfies the probabilistic formula [ϕ]p if the probability of the set of states satisfyingϕ is at least
p. Together with conjunctions this allows us to characterize the distribution entirely.

LetM = (S,Act,Steps) be a PA, and letµ ∈ Dist(S). The semantics ofϕ is given by:

• µ |= > holds for each probability distributionµ.

• µ |= ¬ϕ iff µ 6|= ϕ,

• µ |= ∧i∈I ϕi iff, for eachi ∈ I , µ |= ϕi ,

• µ |= 〈a〉ϕ iff, for each states ∈ Supp(µ), there exists a transition s
a−−→ µ′ such thatµ′ |= ϕ,

• µ |= [ϕ]p iff µ({s | δs |= ϕ}) ≥ p.

For the temporal operator〈a〉, the transition can be either a normal transition
a−−→ or a com-

bined transition
a
;. We will use the same logic to characterize both bisimulation and probabilistic

bisimulation. For bisimulation, we require that there is a transitions
a−−→ η, and for probabilistic

bisimulation, we require that there is a combined transitions
a
; η in the definition. By definition,

it holds thatµ |= 〈a〉ϕ if and only if, for each states ∈ Supp(µ), δs |= 〈a〉ϕ.
We letL andLp denote the logic for bisimulation and probabilistic bisimulation respectively.

Note thatL andLp are syntactically identical, however semantically different. We will show later
that,L andLp characterize bisimulations and probabilistic bisimulations for image-infinite PAs.
For image-finite PAs, binary conjunction suffices.

The logicsL- andL-p for simulations and probabilistic simulations are the negation-free
sub-logics resulting fromL andLp respectively, which reflects that simulation relations need
not be symmetric and is a common approach also pursued by [33, 34]. More precisely, the logics
consist of formulas:

ϕ ::= > |
∧
i∈I
ϕi | ϕ ∨ ϕ | 〈a〉ϕ | [ϕ]p

For a finite set of indicesK, disjunction∨i∈Kϕi is defined as usual. Again,L- andL-p are
syntactically identical and semantically different.

The logic for characterizing simulations has infinite conjunction, but interestingly, it only has
binary disjunction. The infinite conjunction is necessary because of the image-infiniteness. The

12



reason that binary disjunction is sufficient will be implied by an alternative characterization of
simulations (see Lemma 5.2) which shows that it is sufficient to focus on finitely-generated sets.

We introduce some convenient notations. For a logicL, thedepthof ϕ ∈ L is the maximal
nesting depth of temporal operators occurring inϕ. LetFL be the set of the formulas of a given
logic L, let FL,n denote the set of the formulas ofL of depth at mostn, andFL,ω = ∪n∈NFL,n
the set formulas of finite depth. We also writeLω = FL,ω for the sub-logic ofL consisting of
formulas of finite depth. LetFL(s) andFL(µ) be the sets of the formulas ofL that are satisfied by
the statesand by the distributionµ respectively. Moreover, we denote byFL,ω(s) andFL,ω(µ) the
sets of finite formulas ofL that are satisfied by the states and by the distributionµ respectively.
Given a logicL, the notation [[ϕ]]L = {s | s |= ϕ} stands for the set of all the states that satisfy
a formulaϕ of L. If δs |= ϕ, we also writes |= ϕ. Thus, it holds triviallyFL(s) = FL(δs) and
FL,n(s) = FL,n(δs) for all n ∈ N. We drop the subscriptL whenever it is clear from the context.

5. Logical Characterization of Simulation

In this section, we give logical characterizations of (probabilistic) simulation relations. We
first provide a stronger condition than Lemma 3.1.(a) in Subsection 5.1, by showing that it is
sufficient to consider a countable class of upwardsR-closed sets. Then we present the char-
acterization result for- and-ω for image-infinite PAs in Subsection 5.2 and Subsection 5.3
respectively. In Subsection 5.4 we consider image-finite PAs and show that binary conjunction1

is sufficient, exploiting the Pigeonhole principle. Subsection 5.5 treats probabilistic simulations.

5.1. Weight Function for Preorder

The following lemma states that any upwardsR-closed setU ⊆ S can be expressed as a union
of equivalence classes of≡R.

Lemma 5.1. Let R be a preorder on S , and let U⊆ S be an upwards R-closed set. Then U is a
union of equivalence classes of≡R.

Proof. Let s ∈ U be any element ofU. By definition, the whole class [s] of ≡R is contained in
U. Thus for each equivalence classC of ≡R, eitherC ⊆ U or C ∩ U = ∅. Thus,R is a union of
equivalence classes of≡R.

Let R be a preorder onS. For A ⊆ S, we letcl(A) denote the smallest upwardsR-closed set
containingA. An upwardsR-closed setU is finitely-generatedif there is a finite family of classes
{[s1], . . . , [sk]} of ≡R generatingU, i.e.,U = ∪k

i=1[cl([si ])]. The set of equivalence classes≡R is
countable, implying that the set of finitely-generated upwardsR-closed sets is also countable.

Lemma 5.2. LetM = (S,Act,Steps) be a PA and letµ, µ′ ∈ Dist(S). Let R be a preorder on S .
Thenµ Rµ′ iff for each finitely-generated upwards R-closed set U,µ(U) ≤ µ′(U).

Proof. If U is a finitely-generated upwardsR-closed set,µ(U) ≤ µ′(U) follows trivially from
Lemma 3.1.(a). For the other direction assume that for each finitely-generated upwardsR-closed
set U, µ(U) ≤ µ′(U). For the sake of contradiction letU be an upwardsR-closed set with

1The result for image-finite PAs can be considered as an extension of [5, 33]: For LMPs [5] (image-finite PAs with
continuous state space and deterministic transition with respect to the same action), Desharnaiset al. characterized
simulation completely with only binary conjunctions.
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µ(U) > µ′(U), and letε := µ(U) − µ′(U) > 0. By Lemma 5.1,U =
⋃

i∈I cl([si ]) with a (possibly
countable) index setI ⊆ N. DefineUi =

⋃
{ j| j≤i} cl([sj ]) for i ∈ I . By definition,Ui is finitely-

generated upwardsR-closed set, implyingµ(Ui) ≤ µ′(Ui) for i ∈ I . Observe the sequence
{µ(Ui)}{i∈I } is monotone, non-decreasing and converges toµ(U). Thus, there existsm ∈ I with
µ(Um) > µ(U) − ε

2, implying:

µ(Um) > µ(U) − ε
2
= µ′(U) +

ε

2
> µ′(U) ≥ µ′(Um).

which is a contradiction.

With the above lemma, we can give an alternative formulation of simulation (and, in an
analogous way, a formulation for probabilistic simulation): a relationR⊆ S×S is asimulationif

for s R s′ ands
a−−→ µ, there existsµ′ such thats′

a−−→ µ′ and for each finitely-generated upwards
R-closed setU, µ(U) ≤ µ′(U). As a consequence of Lemma 5.2, it is sufficient to consider the
countable set of finitely-generated upwards closed sets rather than the potentially uncountable
set of upwardsR-closed sets.

5.2. Logical Characterization of- for image-infinite PAs

We would like to prove thatL- characterizes-. We first give the strategy of the proof as
it will also be similar for other characterizations we shall consider later. In technical terms, we
want to proves- s′ iff FL-(s) ⊆ FL-(s′).
• The soundness part requires to show thats - s′ impliesFL-(s) ⊆ FL-(s′). Exploiting
FL-(s) = FL-(δs), we instead prove a more general statement about distributions:

∀µ, µ′ ∈ Dist(S). µ - µ′ =⇒ FL-(µ) ⊆ FL-(µ′) (4)

which is usually achieved by structural induction onϕ.

• For the completeness proof, we consider the relationR = {(s, s′) | FL-(s) ⊆ FL-(s′)} and
show thatR is a simulation. Then, for each (s, s′) ∈ R, we show that (s, s′) ∈ F-(R), i.e.,

s
a−−→ µ implies the existence ofs′

a−−→ µ′ such thatµ R µ′. By Lemma 5.2, it is equivalent
to show thatµ(U) ≤ µ′(U) for each finitely-generated upwardsR-closed setU. As there
are only countably many suchU, the countable conjunction operator is sufficient.

Theorem 5.3. Given the logicL-, for each pair of states s, s′ of a PA, s- s′ iff F (s) ⊆ F (s′).

Proof. For soundness letµ, µ′ ∈ Dist(S) with µ - µ′. Let ϕ ∈ F (µ), we proveϕ ∈ F (µ′), i.e.,
µ′ |= ϕ by structural induction onϕ (see (4)).

• If ϕ = >, then the result is trivial.

• If ϕ =
∧

i∈I ψi , then for eachi ∈ I , µ |= ψi . Sinceψi ∈ F for eachi ∈ I , then by induction,
µ′ |= ψi . Thus,µ′ |= ∧i∈I ψi . The caseϕ = ψ1 ∨ ψ2 is similar.

• If ϕ = [ψ]p, thenµ([[ψ]]) ≥ p. By hypothesis of the structural induction, [[ψ]] is upwards
--closed. By Lemma 3.1.(a), we haveµ([[ψ]]) ≤ µ′([[ψ]]), provingµ′ |= ϕ.

14



• If ϕ = 〈a〉ψ: We shows2 |= ϕ for arbitrary, fixeds2 ∈ Supp(µ′). We show firstµ - µ′
and s2 ∈ Supp(µ′) imply the existence ofs1 ∈ Supp(µ) with s1 - s2. Let ∆ denote the
corresponding weight function w.r.t.µ - µ′. We observe that: 0< µ′(s2) =

∑
s∈S ∆(s, s2).

Hence, there existss1 ∈ Supp(µ) such that∆(s1, s2) > 0. By the definition of weight

function it holds thuss1 - s2. Moreover,µ |= ϕ implies that there existss1
a−−→ µ1

with µ1 |= ψ. Thus, there exists a transitions2
a−−→ µ2 such thatµ1 - µ2. By induction

hypothesis, we have thatµ2 |= ψ, thuss2 |= ϕ. Thus,µ′ |= ϕ.

To show completeness, defineR= {(s, s′) | F (s) ⊆ F (s′)}. Let {[sj ]} j∈J be an enumeration
of the equivalence classes of≡R (the kernel ofR). We first introduce the characterizing formula
for upwards-closed setcl([sl ]) for l ∈ J. By definition ofR, for eachm ∈ J with sm < cl([sl ]),
there exists a formulaϕlm ∈ F such thatsl |= ϕlm and sm 6|= ϕlm. For eachl ∈ J, define
ϕl =

∧
sm<cl([sl ]) ϕlm. Then, by construction, forl ∈ J we have [[ϕl ]] = cl([sl ]).

Now it remains to prove thatR is a simulation relation. Let (s, s′) ∈ R, ands
a−−→ µ, we show

that there exists a transitions′
a−−→ µ′ with µ R µ′. Let {Ui}i∈I be the countable set of the finitely-

generated upwardsR-closed sets. By Lemma 5.2, it is sufficient to show thatµ(Ui) ≤ µ′(Ui) for
all i ∈ I . SinceUi is finitely-generated, for eachi ∈ I , there exists a finite index setKi ⊆ J such
thatUi =

⋃
k∈Ki

cl([sk]). For eachi ∈ I , defineϕKi = ∨l∈Kiϕl . SinceKi is finite, the formulaϕKi

has only binary disjunctions. Then,ϕKi is satisfied only by states inUi , that is, [[ϕKi ]] = Ui . Now,
defineϕ =

∧
i∈I [ϕKi ]pi with pi = µ(Ui) for i ∈ I . By definition,µ |= ϕ, implying thats |= 〈a〉ϕ.

By the definition ofR, s′ |= 〈a〉ϕ as well. Thus, there exists a distributionµ′ such thats′
a−−→ µ′

andµ′ |= ϕ. By definition,µ′(Ui) = µ′([[ϕKi ]]) ≥ pi = µ(Ui) for eachi ∈ I , as needed.

Theorem 5.3 states that the logicL- characterizes simulation soundly and completely. The
following example illustrates that the infinite conjunction in the logic is actually needed for
image-infinite models.

Example 5.1. Consider the PA depicted in Example 3.1 and recall that t6- s. Consider the
formulaϕi defined as follows:ϕ0 = >, andϕi+1 = 〈a〉ϕi , and letϕ = 〈a〉∧i∈N ϕi . If a state
satisfiesϕ, the infinite conjunction inϕ requires that after an action a, the successor state can
perform still a sequence of n a-actions, for all n. Thus, the formula is satisfied by t but not s.

There is no way, however, to construct a formula with only binary conjunctions such that
it is satisfied by t but not s. From both s and t, there is a sequence of n a-actions. The only
additional behavior out of t is the infinite sequence of a-actions. Consider the formulaϕ which
has only binary conjunctions and is satisfied by t. By induction, formulaϕ has only finite length,
thus its satisfiability is witnessed by a sequence of a-actions with finite length. Obviously, such a
sequence also exists from s. The key point is that the additional behavior of t does not contribute
to the distinguishing power at all.

5.3. Logical Characterization of-ω for image-infinite PAs

Now we consider the relation-ω, which is strictly coarser than- for image-infinite PAs. By
Theorem 5.3,F (s) ⊆ F (s′) implies thats - s′, thuss -ω s′. This implies thatL- is complete
for -ω. The soundness, however, does not follow. In the following theorem, we use the fragment
FL-,ω, namely the set of formulas of finite depth, to characterize-ω.

Theorem 5.4. Given the logicL- restricted to formulas with finite depth, for each pair of states
s, s′ of a PA, s-ω s′ iff Fω(s) ⊆ Fω(s′).
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Proof. For soundness lets -ω s′, which impliesδs -ω δs′ . SinceFω(s) = Fω(δs) = ∪n∈NFn(s),
it is sufficient to show the following implication:

∀µ, µ′ ∈ Dist(S). ∀n ∈ N. µ -n µ
′ =⇒ FL-,n(µ) ⊆ FL-,n(µ′) (5)

Let µ, µ′ ∈ Dist(S) be arbitrary distributions. We prove the implication by induction onn, where
for eachn we proceed by induction on the structure of the formulaϕ. The structural induction
follows in exactly the same way as the proof of Theorem 5.3. The base case (n = 0) considers
only formulas out ofF0 which do not contain any formulas with〈a〉. Since the first three cases
of the inductive step below do not rely on the inductive hypothesis onn, they suffice the base
casen = 0 as well. For the inductive step onn, supposeµ -n µ′ ⇒ Fn(µ) ⊆ Fn(µ′). Let
µ -n+1 µ

′ (with weight function∆). Let ϕ ∈ Fn+1, and assumeϕ ∈ Fn+1(µ). It remains to prove
ϕ ∈ Fn+1(µ′), i.e. µ′ |= ϕ. The casesϕ = >,∧i∈I ψi andψ1 ∨ ψ2 are easy. For other cases:

• If ϕ = [ψ]p, thenµ([[ψ]]) ≥ p. By hypothesis of the structural induction, [[ψ]] is upwards
-n+1-closed. By Lemma 3.1.(a), we haveµ([[ψ]]) ≤ µ′([[ψ]]), provingµ′ |= ϕ.

• If ϕ = 〈a〉ψ: ϕ ∈ Fn+1 implies thatψ ∈ Fn. We shows2 |= ϕ for arbitrary, fixeds2 ∈
Supp(µ′). Observe thats2 ∈ Supp(µ′) andµ -n+1 µ

′ implies that there existss1 ∈ Supp(µ)
such that∆(s1, s2) > 0. By the definition of weight function, it holds that (s1, s2) ∈ -n+1.

Moreover,µ |= ϕ implies that there existss1
a−−→ µ1 with µ1 |= ψ. By definition of-n+1,

there exists a transitions2
a−−→ µ2 such thatµ1 -n µ2. Sinceψ ∈ Fn, by the inductive

hypothesis onn, we have thatµ2 |= ψ, implying thats2 |= ϕ.

Now we prove completeness. Assume thatFω(s) ⊆ Fω(s′) holds. RecallFω(s) = ∪n∈NFn(s).
By induction onn, we haveFn(s) ⊆ Fn(s′) for all n. We define a family of relationsRn as
follows: Rn = {(s, s′) | Fn(s) ⊆ Fn(s′)}. Obviously,Rn is a preorder for alln. It is sufficient to
showRn ⊆ -n for all n. We prove the claim by induction onn. The base case is trivial since
s -0 s′ holds. For the induction step, assume thatRn ⊆ -n. We need to showRn+1 ⊆ -n+1. Let

s Rn+1 s′ ands
a−−→ µ. It suffices to findµ′ such thats′

a−−→ µ′ andµ Rn µ
′. Since by definition,

we then haves-n+1 s′, implying Rn+1 ⊆ -n+1.

To find theµ′ with s′
a−−→ µ′ andµ Rn µ′, we follow the same part of the completeness

proof of Theorem 5.3: Let{[sj ]} j∈J be an enumeration of the equivalence classes of≡Rn. We
first introduce the characterizing formula of upwards-closed setcl([sl]) for l ∈ J. By definition
of Rn, for eachm ∈ J with sm < cl([sl ]), there exists a formulaϕlm ∈ Fn such thatsl |= ϕlm and
sm 6|= ϕlm. For eachl ∈ J, defineϕl =

∧
sm<cl([sl ]) ϕlm. Then, by construction, forl ∈ J we have

ϕl ∈ Fn and [[ϕl ]] = cl([sl ]). Let {Ui}i∈I be the countable set of the finitely-generated upwards
Rn-closed sets. By Lemma 5.2, it is sufficient to show thatµ(Ui) ≤ µ′(Ui) for all i ∈ I . SinceUi

is finitely-generated, there exists a finite index setKi ⊆ J such thatUi =
⋃

k∈Ki
cl([sk]). For each

i ∈ I , defineϕKi = ∨l∈Kiϕl . Then,ϕKi ∈ Fn is satisfied only by states inUi , that is, [[ϕKi ]] = Ui .
Now, defineϕ =

∧
i∈I [ϕKi ]pi with pi = µ(Ui) for i ∈ I . By definition,µ |= ϕ, implying that

s |= 〈a〉ϕ. Since〈a〉ϕ ∈ Fn+1(s), by the definition ofRn+1, s′ |= 〈a〉ϕ as well. Thus, there exists a

distributionµ′ such thats′
a−−→ µ′ andµ′ |= ϕ. By definition,µ′(Ui) = µ′([[ϕKi ]]) ≥ pi = µ(Ui) for

eachi ∈ I , as needed.

Note that the set of formulas inL with infinite depth has the power of distinguishing- and
-ω, which is the same case as for LTSs. In Example 5.1 we have constructed a formula with
infinite depth for illustrating that binary conjunction is not sufficient for characterizing-. In
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the following example we show that for LTSs (thus also for PAs) finite conjunction is also not
sufficient to characterize-ω.

Example 5.2. Consider Figure 4. It is easy to see that t6-ω s. The formulaϕ defined as
〈a〉∧i∈N〈bi〉> is satisfied by t but not s. By structural induction, it is a routine exercise to show
that with only binary conjunctions s and t cannot be differentiated.

s

t1

a

t0

b0

t2

a

t0

b0

t0

b1

t3

a

t0

b0

t0

b1

t0

b2

b b b

t

t1

a

t0

b0

t2

a

t0

b0

t0

b1

t3

a

t0

b0

t0

b1

t0

b2

b b b t′
a

t0

b0

t0

b1

t0

b2

b b b

Figure 4: An example for illustrating that finite conjunction is not sufficient to characterize-ω.

5.4. Logical Characterization of- for image-finite PAs

In this subsection we consider image-finite PAs. Recall from Lemma 3.5, for an image-finite
PAM = (S,Act,Steps), - and-ω coincide. Given the logicL-, then, together with Theorem 5.3
and Theorem 5.4, we have fors, s′ ∈ S:

F (s) ⊆ F (s′)⇐⇒ s- s′ ⇐⇒ s-ω s′ ⇐⇒ Fω(s) ⊆ Fω(s′)

This implies that bothL-, andL-ω characterize- = -ω for image-finite PAs. Stated differently,
for image-finite PAs, the distinguishing power for formulas of infinite length disappears. We
show in the following theorem an even stronger result, namely that the logicL- restricted to
finite conjunction (thus formulas are also of finite depth) is sufficient to characterize simulation
for image-finite PAs.

Theorem 5.5. Given the logicL- restricted to only binary conjunctions, for each pair of states
s, s′ of an image-finite PA, s- s′ iff F (s) ⊆ F (s′).

Theorem 5.3 implies soundness trivially. The completeness proof of Theorem 5.3, however,
is not strong enough anymore, since it is based on formulas with infinite conjunctions (namely
formulaϕl). Below we show how to avoid this for image-finite PAs.

The crucial point is the construction of an infinite sequence of formulas offinitedepth, whose
behaviors converge toϕl . This idea is borrowed from Desharnaiset al. [5, 33, 18] where it is
shown that binary conjunction is sufficient to characterize simulation and bisimulation for LMPs
(image-finite PAs with continuous state space and deterministic transition with respect to the
same action).

Proof. AssumeF (s) ⊆ F (s′), and let the relationR, {[sj ]} j∈J, {ϕlm}m<cl([sj ]) , {Ui}i∈I and the corre-
sponding finite index sets{Ki}i∈I as defined in Theorem 5.3. We fix an arbitrary indexk ∈ J. For
eachl ∈ J, defineΦk

l =
∧

m≤k∧sm<cl([sl ]) ϕlm. Intuitively,Φk
l is satisfied by all the states incl([sl ]),

but not satisfied by states in [sx] with sx < cl([sl ]) ∧ x ≤ k. However, since the maximal index of
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the finite conjunction isk, Φk
l may be satisfied by the states in [sx] with x > k. For i ∈ I , define

pi = µ(Ui),Φk
Ki
= ∨l∈KiΦ

k
l andΦk =

∧
j∈I∧ j≤k[Φ

k
Kj

]pj . It holds that, fori ∈ I :

Ui ⊆ [[Φk
Ki

]] ⊆ Ui ∪
⋃

j∈I∧ j>k

cl([sj]) (6)

Let (s, s′) ∈ R ands
a−−→ µ, we now show the existence ofs′

a−−→ µ′ with µ(Ui) = pi ≤ µ′(Ui) for
all i ∈ I . Because of the left part of Equation (6), we haveµ(Ui) = pi ≤ µ([[Φk

Ki
]]) for all i ≤ k,

implying µ |= Φk, thuss |= 〈a〉Φk. Sincek is arbitrary,s |= 〈a〉Φk for all k ∈ J. Since the index
setKi is finite for all i ∈ I , all of the formulasΦk are finite. Thus, by definition ofR, s′ |= 〈a〉Φk

holds for allk ∈ I . The setStepsa(s′) is finite for image-finite PAs, thus the Pigeonhole principle

applies and, there existss′
a−−→ µ′ such thatµ′ |= Φk for infinitely many indicesk ∈ Z with Z ⊆ I .

This implies fork ∈ Z andi ∈ I :

pi ≤ µ′([[Φk
Ki

]])
(6)≤ µ′(Ui) + µ′


⋃

j∈I∧ j>k

cl([sj ])

 (7)

The sequence
{
µ′
(⋃

j∈I∧ j>k cl([sj ])
)}

k∈Z is monotone non-increasing, and converges to 0. Tak-
ing limk→∞ on both sides leads topi ≤ µ′(Ui) as needed.

5.5. Probabilistic Simulation

To simplify matters a bit, we first prove a lemma which generalizes the definition of proba-
bilistic simulation. It shows that, ifs -p s′, then each combined transition performed bys can
be simulated by a combined transition ofs′.

Lemma 5.6.

1. For each pair of states s, s′, if s -p s′, then, for each combined transition s
a
; µ, there

exists a combined transition s′ a
; µ such thatµ -p µ′.

2. For each pair of states s, s′ and for each n, if s-p
n+1 s′, then, for each combined transition

s
a
; µ, there exists a combined transition s′ a

; µ such thatµ -p
n µ
′.

Proof. By definition, givens
a
; µ, there existsµ =

∑
i∈I piµi with µi ∈ Stepsa(s) for i ∈ I . By

definition, for eachµi ∈ Stepsa(s), there exists a combined transitions′ a
; µ′i such thatµi -p µ′i .

Defineµ′ =
∑

i∈I piµ
′
i . This means that there exists a combined transitions

a
; µ′, andµ -p µ′ by

construction. The proof of the second part follows in a similar way.

The following theorem states the soundness and completeness result for the logicL-p with
respect to probabilistic simulation. For image-finite PAs, we also show that logicL-p with only
binary conjunction is sufficient.

Theorem 5.7.

1. Given the logicL-p, for each pair of states s and s′ of a PA, s-p s′ iff F (s) ⊆ F (s′).
2. Given the logicL-p restricted to formulas with finite depth, for each pair of states s and s′

of a PA, s-p
ω s′ iff Fω(s) ⊆ Fω(s′).

3. Given the logicL-p restricted to only binary conjunctions, for each pair of states s, s′ of an
image-finitePA, s-p s′ iff F (s) ⊆ F (s′).

18



Proof. The soundness of the theorem follows by the following statements:

∀µ, µ′ ∈ Dist(S). µ -p µ′ =⇒ FL-p(µ) ⊆ FL-p(µ′)
∀µ, µ′ ∈ Dist(S). ∀n ∈ N. µ -p

n µ
′ =⇒ FL-p,n(µ) ⊆ FL-p,n(µ′)

Combining with Lemma 5.6, the proof for them can be obtained by using combined transitions
a
; instead of

a−−→ in the proofs of (4) and (5) respectively.
The completeness proofs proceed similarly to the completeness proofs of Theorems 5.3, 5.4

and 5.5 respectively, by using the adequate semantics for the temporal operator and combined
transitions where necessary. The Pigeonhole principle of Theorem 5.5, however, does not apply
to the last claim directly because there are infinitely many combined transitions, even for image-
finite PAs. Fortunately, this can be repaired by exploiting Lemma 3.6: Lets′ a

; µ′k be the infinite
sequence of combined transitions such thatµ′k |= Φk for all k ∈ I (cf. proof of Theorem 5.5). By
Lemma 3.6, there exists a subsequence{µ′k}k∈J′ such thatJ′ ⊆ I andµ′ := limk∈J µ′k exists, and

moreover,s′ a
; µ′. Thus,µ′k |= Φk for infinitely many indicesk ∈ J′. By the set inclusion in (6),

for k ∈ J′ andi ∈ I , we have:

pi ≤ µ′k([[Φk
Ki

]])
(6)≤ µ′k(Ui) + µ

′
k


⋃

j∈I∧ j>k

cl([sj ])



Similar to Inequality (7), taking the limit overk ∈ J′, we havepi ≤ limk∈J′ µ′k(Ui) + 0 = µ′(Ui)
which completes the proof.

6. Logical Characterization of Bisimulation

In this section we consider logical characterization of bisimulations. As for simulations, we
consider image-infinite PAs, and also the special case of image-finite PAs. For image-infinite
PAs, we show that∼ can be characterized byL in Theorem 6.1, and∼ω can be characterized by
the sub-logic ofL restricted to formulas with finite depth in Theorem 6.2. For image-finite PAs,
it is then shown in Theorem 6.3 thatL restricted to binary conjunction is sufficient.

We give a short discussion of the main differences to the corresponding proofs for simulations
(Theorem 5.3, Theorem 5.4 and Theorem 5.5 respectively). Since the logic used to characterize
simulations is a sub-logic of the corresponding one for characterizing bisimulations, the sound-
ness proof needs to be extended with negations. To this end, the soundness proof has to be
adjusted slightly (cf. (8)): for distributionsµ, µ′ and formulaϕ, F (µ) = F (µ′) is shown by struc-
tural induction. It is interesting to note that showing separatelyF (µ) ⊆ F (µ′) andF (µ′) ⊆ F (µ)
would not work, as the induction step with respect to negations would then fail. The complete-
ness proofs are, in general, less involved than the corresponding proofs for simulations because
the characterizing formulas are easier to construct in presence of equivalence classes.

Theorem 6.1. Given the logicL, for each pair of states s, s′ of a PA, s∼ s′ iff F (s) = F (s′).

Proof. First, we show soundness. It is sufficient to show that:

∀µ, µ′ ∈ Dist(S). µ ∼ µ′ =⇒ FL(µ) = FL(µ′) (8)

Let µ, µ′ ∈ Dist(S), µ ∼ µ′ andϕ ∈ F : we showµ |= ϕ ⇔ µ′ |= ϕ by structural induction onϕ.
The casesϕ = >,∧i∈I ψi are trivial. Now we consider other cases:
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• If ϕ = ¬ψ: µ |= ϕ ⇔ ¬(µ |= ψ). By structural induction, we have the equivalence
µ |= ψ⇔ µ′ |= ψ, thusµ |= ϕ⇔ ¬(µ′ |= ψ)⇔ µ′ |= ϕ.

• If ϕ = 〈a〉ψ: Assumingµ |= ϕ, we show thatµ′ |= ϕ (the other direction is similar). Let
s2 ∈ Supp(µ′). Sinceµ′(s2) > 0 andµ ∼ µ′, thenµ′([s2]) = µ([s2]) > 0. Thus, there exists
an elements1 ∈ Supp(µ) such thats1 ∼ s2. The fact thatµ |= ϕ implies that there exists

s1
a−−→ µ1 with µ1 |= ψ. Thus, there existss2

a−−→ µ2 with µ1 ∼ µ2. By induction hypothesis,
we have thatµ2 |= ψ, implying thats2 |= ϕ. Then,µ′ |= ϕ follows by definition.

• If ϕ = [ψ]p: Assumingµ |= ϕ, we show thatµ′ |= ϕ (the other direction is similar). Let
s, s′ ∈ S with s ∼ s′. By hypothesis,δs satisfiesψ iff δs′ satisfiesψ. Thus,ψ is satisfied
either by all or none of the states of an equivalence class of∼, and [[ψ]] is a union of
equivalence classes of∼. Sinceµ ∼ µ′ holds,µ([[ψ]]) = µ′([[ψ]]). Sinceµ |= ϕ implies that
µ([[ψ]]) ≥ p, thusµ′([[ψ]]) ≥ p andµ′ |= [ψ]p as needed.

For completeness, we defineR= {(s, s′) | FL(s) = FL(s′)}. Obviously,R is an equivalence
relation. It is sufficient to show thatR is a bisimulation relation. Let{[sj ]} j∈J be an enumeration
of the equivalence classes ofR. By definition of R, for eachl,m ∈ J, there exists a formula
ϕlm ∈ F such thatsl |= ϕlm andsm 6|= ϕlm. For eachl ∈ J, defineϕl =

∧
m,l ϕlm, then, [[ϕl ]] = [sl ].

Now let (s, s′) ∈ R, ands
a−−→ µ: it remains to show that there exists a transitions′

a−−→ µ′ with
µ([si ]) = µ′([si ]) for all i ∈ J. Defineϕ =

∧
i∈J[ϕi ]pi with pi = µ([si ]) for i ∈ J. By definition,

µ |= ϕ, implying thats |= 〈a〉ϕ. By the definition ofR, s′ |= 〈a〉ϕ as well. Thus, there exists a

distributionµ′ such thats′
a−−→ µ′ andµ′ |= ϕ. By definition,µ′([si ]) = µ′([[ϕi ]]) ≥ pi = µ([si ])

for eachi ∈ J. Since
∑

i∈J pi = 1, we haveµ([si ]) = µ′([si ]) for i ∈ J, as needed.

Below we characterize theω-bisimulation∼ω. The soundness follows by structural induction
on the formulas. Additionally, because of the iteratively defined∼ω, another induction onn is
needed. We give the full proof, which is not difficult in the light of the theory developed so far.

Theorem 6.2. Given the logicL restricted to formulas with finite depth, for each pair of states
s, s′ of a PA, s∼ω s′ iff Fω(s) = Fω(s′).

Proof. For the soundness proof, we show the following implication:

∀µ, µ′ ∈ Dist(S). ∀n ∈ N. µ ∼n µ
′ =⇒ FL,n(µ) = FL,n(µ′) (9)

Let µ, µ′ as above, we prove the implication by induction onn, where for eachn we proceed
by induction on the structure of the formulaϕ. The base case (n = 0) considers only formulas
out ofF0, which can be handled easily (cf. Theorem 5.4). For the inductive step onn, suppose
soundness holds forn, i.e., µ ∼n µ′ ⇒ Fn(µ) = Fn(µ′). Let µ ∼n+1 µ′. It remains to prove
Fn+1(µ) = Fn+1(µ′), i.e. for all ϕ ∈ Fn+1, µ |= ϕ ⇔ µ′ |= ϕ. The proof follows by structural
induction onϕ. The casesϕ = >,∧i∈I ψi are easy. Now we consider other cases:

• If ϕ = ¬ψ: µ |= ϕ ⇔ ¬(µ |= ψ). Sinceψ ∈ Fn+1 as well, by structural induction, we have
µ |= ψ⇔ µ′ |= ψ, thusµ |= ϕ⇔ ¬(µ′ |= ψ)⇔ µ′ |= ϕ.

• If ϕ = 〈a〉ψ: Assumingµ |= ϕ, we show thatµ′ |= ϕ (the other direction is similar). Let
s2 ∈ Supp(µ′). Sinceµ′(s2) > 0 andµ ∼n+1 µ

′, thenµ′([s2]) = µ([s2]) > 0, and there exists
s1 ∈ Supp(µ) such thats1 ∼n+1 s2. The fact thatµ |= ϕ implies that there existss1

a−−→ µ1

with µ1 |= ψ. Thus, there existss2
a−−→ µ2 with µ1 ∼n µ2. Sinceψ ∈ Fn, by induction

hypothesis onn, it holdsµ2 |= ψ, thuss2 |= ϕ. Then,µ′ |= ϕ follows by definition.
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• If ϕ = [ψ]p: Assumingµ |= ϕ, we showµ′ |= ϕ (the other direction is similar). For
ψ ∈ Fn+1, [[ψ]] is a union of equivalence classes of∼n+1. Sinceµ ∼n+1 µ

′ holds, we have
µ([[ψ]]) = µ′([[ψ]]). Sinceµ |= ϕ implies thatµ([[ψ]]) ≥ p, thusµ′([[ψ]]) ≥ p and thus,
µ′ |= [ψ]p as needed.

Now we prove completeness. Assume thatFω(s) = Fω(s′) holds. By induction onn,
we get immediatelyFn(s) = Fn(s′) for all n. We define a family of relationsRn as follows:
Rn = {(s, s′) | Fn(s) = Fn(s′)}. Obviously,Rn is an equivalence relation for alln. It is sufficient to
showRn ⊆ ∼n for all n. We proceed by induction onn. The base case is trivial sinces∼0 s′ holds.
For the induction step, assume thatRn ⊆ ∼n. We need to showRn+1 ⊆ ∼n+1. Let s Rn+1 s′ and

s
a−−→ µ. It suffices to findµ′ such thats′

a−−→ µ′ andµ Rn µ
′, since then by induction hypothesis

µ ∼n µ
′. By definition, we then haves∼n+1 s′, implying Rn+1 ⊆ ∼n+1.

To find theµ′ with s′
a−−→ µ′ andµ Rn µ

′, we follow the same part of the completeness proof
of Theorem 6.1: Let{[sj ]} j∈J be an enumeration of the equivalence classes ofRn. By definition
of Rn, for eachl,m ∈ J, there exists a formulaϕlm ∈ Fn such thatsl |= ϕlm andsm 6|= ϕlm. For each
l ∈ J, defineϕl =

∧
m,l ϕlm. Then, by construction, forl ∈ J we haveϕl ∈ Fn and [[ϕl ]] = [sl ].

Now, defineϕ =
∧

i∈J[ϕi ]pi with pi = µ([si ]) for i ∈ J. By definition,µ |= ϕ, implying that
s |= 〈a〉ϕ. Since〈a〉ϕ ∈ Fn+1(s), by the definition ofRn+1, s′ |= 〈a〉ϕ as well. Thus, there exists

a distributionµ′ such thats′
a−−→ µ′ andµ′ |= ϕ. By definition,µ′([si ]) = µ′([[ϕi]]) ≥ pi = µ([si ])

for eachi ∈ I . Since
∑

i∈J pi = 1, we haveµ([si ]) = µ′([si ]) for i ∈ J, as needed.

In [15], image-finite PAs were considered, and it was shown thatL (with infinite conjunction)
characterizes bisimulation soundly and completely. In the following theorem we show that, as
for simulations, binary conjunction is already sufficient to characterize bisimulations.

Theorem 6.3. Given the logicL restricted to only binary conjunction, for each pair of states
s, s′ of an image-finitePA, s∼ s′ iff F (s) = F (s′).

Proof. Theorem 6.1 implies soundness. For completeness letRand{[sj ]} j∈J be defined as there.
We fix an arbitrary indexk ∈ J. For eachl ∈ J, defineΦk

l =
∧

m≤k ϕlm. It is then easy to show
that forl ∈ J, it holds:

[sl ] ⊆ [[Φk
l ]] ⊆ [sl ] ∪

⋃
j∈J∧ j>k

[sj ] (10)

Fork ∈ J, defineΦk =
∧

j∈J∧ j≤k[Φ
k
j ]pj wherepj = µ([sj ]).

Let (s, s′) ∈ R and s
a−−→ µ, we want to show that there exists a transitions′

a−−→ µ′ with
µ([si ]) = µ′([si ]), i.e., pi = µ

′([si ]) for all i ∈ J. For i ∈ J, by the set inclusion in (10), we have
µ([[Φk

i ]]) ≥ µ([si ]) = pi for i ≤ k, implying µ |= Φk, thuss |= 〈a〉Φk. By construction, all of the
formulasΦk contain only binary conjunctions. By definition ofR, s′ |= 〈a〉Φk holds for allk ∈ J.
The setStepsa(s′) is finite for image-finite PAs, thus the Pigeonhole principle applies and, there

existss′
a−−→ µ′ such thatµ′ |= Φk for infinitely many indicesk ∈ Z with Z ⊆ J. This implies for

k ∈ Z andi ∈ J with i ≤ k:

pi ≤ µ′([[Φk
i ]])

(10)≤ µ′([si ]) + µ
′

⋃

j∈J∧ j>k

[sj ]

 (11)

The sequence
{
µ′
(⋃

j∈J∧ j>k[sj ]
)}

k∈Z is monotone non-increasing, and converges to 0. Taking
limk→∞ on both sides leads topi ≤ µ′([si ]) as needed.
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Probabilistic Bisimulation.Now we consider the logicLp for probabilistic bisimulation. First,
we prove a lemma which generalizes the definition of probabilistic bisimulation, showing that if
two statess ands′ are probabilistically bisimilar, then eachcombinedtransition performed bys
can be simulated by acombinedtransition performed by the states′.

Lemma 6.4.

1. For each pair of states s, s′ and for each n, if s∼p s′, then, for each combined transition
s

a
; µ, there exists a combined transition s′ a

; µ′ such thatµ ∼p µ′.
2. For each pair of states s, s′ and for each n, if s∼p

n+1 s′, then, for each combined transition

s
a
; µ, there exists a combined transition s′ a

; µ′ such thatµ ∼p
n µ
′.

Proof. The proof follows in a similar way as the proof of Lemma 5.6.

Theorem 6.5.

1. Given the logicLp, for each pair of states s, s′ of a PA, s∼p s′ iff F (s) = F (s′).
2. Given the logicLp restricted to formulas with finite depth, for each pair of states s, s′ of a

PA, s∼p
ω s′ iff Fω(s) = Fω(s′).

3. Given the logicLp restricted to only binary conjunction, for each pair of states s, s′ of an
image-finite PA, s∼p s′ iff F (s) = F (s′).

Proof. The soundness follows directly by the following statements:

∀µ, µ′ ∈ Dist(S). µ ∼p µ′ =⇒ FLp(µ) = FLp(µ
′)

∀µ, µ′ ∈ Dist(S). ∀n ∈ N. µ ∼p
n µ
′ =⇒ FLp,n(µ) = FLp,n(µ

′)

Combining with Lemma 6.4, the proof for them can be obtained by using combined transitions
a
; instead of

a−−→ in the proofs of (8) and (9) respectively. The completeness proof is similar to
the completeness proof of Theorems 6.1, 6.2, 6.3 respectively, by using the adequate semantics
for the temporal operator and combined transitions where necessary. The Pigeonhole principle
used in Theorem 6.3 can be adapted exactly the same way as Theorem 5.7.

7. Related Work

7.1. Bisimulation

This paper gives a taxonomy of logical characterization results for probabilistic automata.
While these are novel results for PA, logical characterizations of simulation and bisimulation for
discrete-time and continuous-time Markov chains are well-studied.

For discrete-time Markov chains (DTMCs), the logic PCTL [11, 34] characterizes bisim-
ulations, while PCTL without next-state formulas characterizes weak bisimulations. The logic
CSL characterizes bisimulations for continuous-time Markov chains (CTMCs), and CSL without
next-state formulas characterizes weak bisimulations [34]. A subset of the logic CSL is actually
sufficient for CTMCs and bisimulations even in a setting with continuous state spaces [35].

Hennessy & Milner [17] have introduced a simple modal logic with a single temporal op-
erator〈a〉. The operator〈a〉 is interpreted over states: states satisfies〈a〉ϕ if there exists a

transitions
a−−→ s′ such thats′ satisfiesϕ. They have shown that, for usual image-finite labeled

transition systems (LTSs), the logic characterizes bisimulation soundly and completely. Van
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Glabbeek [36] has considered image-infinite LTSs, and has also extended the binary conjunction
of the Hennessy & Milner logic with an infinite conjunction operator. With this extended logic
(and sub-logic without negations) he has characterized bisimulation (and simulation) soundly
and completely, and moreover, he has also characterized bisimulation up to∼ω with the sub-
logic consisting of only formulas of finite depth.

For probabilistic systems, Larsen and Skou [2] equipped the modal operator〈a〉 of Hennessy-
Milner logic with a real value in the intervalp ∈ [0, 1] to characterize probabilistic transitions.

Intuitively, states satisfies〈a〉pϕ if there exists a transitions
a−−→ µ such thatµ([[ϕ]]) ≥ p, where

[[ϕ]] can be computed recursively. It has been shown that this simple extension characterizes
bisimulation forreactive systems[2] (nondeterminism within the same action is not modeled),
or labeled Markov processes [28] (reactive systems but with continuous state space). For prob-
abilistic automata, Jonssonet al. [37] considered image-finite PAs with afinite set of states and
showed that bisimulation and probabilistic bisimulation can be characterized by the following
two-sorted logic:

F ::= > | ¬F | F ∧ F | 〈a〉ϕ (12)

ϕ ::= > | ¬ϕ | ϕ ∧ ϕ | [F]p .

While nondeterministic formulasF are interpreted over states as usual, probabilistic formulas
ϕ are interpreted over distributions. Thus our logic for (probabilistic) bisimulations, originally
introduced in [15], can be considered as an integration of the two-sorted logic into one level.
Recently, D’Argenioet al. [38] have extend that two-sorted logic to characterize bisimulations
for nondeterministic labeled Markov processes.

7.2. Weak Bisimulation

Weak bisimulation was first defined in the context of PAs by Segala [1], and then formulated
for alternating models by Philippouet al. [39]. Alternating models can be translated to PAs,
and in [40] it is shown that the definition for alternating models is essentially the one for PAs.
In [28], Desharnaiset al. have defined an alternative equivalent definition of weak probabilistic
bisimulation, and shown that the logic PCTL∗ is sufficient to characterize weak probabilistic
bisimulations for image-finite alternating models. For the completeness proof, a requirement of
compactness to the space of reachable distributions is needed. It is interesting to see whether
the results of this paper can be extended to weak simulations and bisimulations for PAs, together
with some compactness arguments along those of [28].

A logical characterization of an even weaker relation, calledtrace distribution precongru-
ence, has been studied in [41]. A new operator⊕, which has more distinguishing power with
respect to distributions, has been introduced for this purpose.

7.3. Coalgebraic Logic

Recently, modal logics have been extensively studied in the field of coalgebra. An overview
of this work is given in [42].

In the coalgebraic approach, models are transition mapsρ : W → F (W) that assign each
w ∈ W ’successors’ρ(w) whereF is a functor. For example, functorF might beP in which
casew is assigned the set of states reachable fromw in one step. PAs, as considered in this paper,
correspond to transition maps of the formρ : W → (P(D(W)))Act whereD(W) denotes the set
of distributions overW. Intuitively, one associates a corresponding set of distributions overW to
eachw ∈W and every labela ∈ Act.
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Modularity is a very important feature of the coalgebraic approach [43, 44] which admits to
logically characterize each component of the system, for instance the nondeterministic choices
P(−) or probabilistic choicesD(−), and then to combine these sub-logics (as multi-sorted log-
ics). In this way, the logic to characterize strong bisimulation for PAs [45] (when instantiating
particular parameters) yields the two-sorted logic by Jonssonet al. [37] (see (12)). Further, if in-
finite conjunction is allowed, image-infinite PAs can be characterized. Recently, the coalgebraic
approach has been extended to deal with simulations [46, 47]. In the context of PAs, the results
are restricted to image-finite PAs and distributions with finite support.

The modular way of deriving logical characterizations for bisimulations and simulations is
appealing because it generates composite modal logics along with the structure, thereby allowing
for a more general structure. In this paper, we have stressed an orthogonal kind of modularity
which concerns the step condition: if we design a new kind of observation on steps, we just use
the same logic as before and only vary the diamond operator according to the new notion of step.

Let us give more insight into these two kinds of modularities. When considering the PA in
Figure 2, the composed modular logic is a two-sorted logic (see (12)) which distinguishes states
s, s′. To see that, observe that nondeterministic formulas in the two-sorted logic are interpreted
over states, and probabilistic formulas are interpreted over distributions. The middle transition is
then characterized by a formula faithfully representing its distribution, and this formula cannot be
satisfied by any transition out ofs. While the coalgebraic modular approach is suitable for bisim-
ulations and simulations, it is not straightforward how to extend it to characterize probabilistic
bisimulations and simulations. Note that, statess, s′ are probabilistic bisimilar, and moreover,
they are also logically identified in terms of our logic, which is interpreted over distributions. The
logic is essentially the same as the one for characterizing bisimulations, just by using appropriate
combined transitions in the semantics. For very similar reasons, our approach can be extended
to characterize weak bisimulations in a straightforward manner (see Section 7.2). An interesting
future work is to develop an approach which enjoys the advantages of both kinds of modularities.

8. Conclusion and Future Work

This paper has developed a taxonomy of logical characterizations for different simulation
and bisimulation relations for probabilistic automata. These results extend previous work along
two major dimensions: we study both simulation and bisimulation relations, and consider image-
infinite PAs. Further, we give improved results for the image-finite case. In this paper we have
considered full distributions, i.e., distributionµ with µ(S) =

∑
s∈S µ(s) = 1. Probabilistic systems

with sub-distributions have also been considered in the literature [18, 34]. However, we note that
our results can be easily adapted to deal with sub-distributions2. As future work, we would like to
extend our logic to provide sound and complete characterization of bisimulation for continuous-
time Markov decision processes [48], orMarkov automata[30], a related model.
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